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Queuing Analysis
Assume that we have a queue with a constant average rate of arriving messages, (.  Our computer program can process each message with a constant average service rate, (. 
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We represent the state of the queue with the following diagram, where the kth state represents a queue holding k messages:
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Since messages arrive at a rate of ( messages per unit time then, given that the queue is in state k, the queue will change from k to k+1 at the same rate, since a single new arrival will add one to the k messages waiting in the queue.   The average rate out of state k is, therefore, (p(k), where p(k) is the probability of being in state k.  If the queue has k messages waiting, when a program finishes handling a message it grabs another off the queue and the queue moves to state k-1.  So, the average rate of changing from state k to k-1 is (p(k), since ( is the average rate of servicing messages.  
To proceed with this analysis, we need to know something about the random processes that govern arrivals and servicing.  Let’s focus on arrivals.  If we start with a finite interval of length T and suppose that n messages are uniformly distributed in that interval, then we have a situation like that shown below.
[image: image3.emf]0

queue states

1 2 k k+1

     

     


The probability that any single point lies in the interval of length t is just:


pe = P1(t,T) = t/T

And the probability that k of the n points lies in the interval of length t is just:



Pk(t,T) = Bn(k) pek(1-pen-k)

Where Bn(k) is the binomial coefficient, e.g.:



Bn(k) = n!/(k!(n-k)!)

Now, let’s let the length of the interval go from T to infinity and increase the number n of points so that (= N/T, the density of points, stays fixed.  It is fairly easy to show
 that, for constant (, this binomial distribution tends, as T goes to infinity, to the Poisson distribution:


P(k, (t) = ((t)ke-(t/k!
This is the probability that k points are found in an interval of length t, when ( is the density of points on the line.
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Infinite Queue Analysis
We shall model the arrival process by p(k, (t) and the service process by p(k,(t).  Now, consider first an empty queue with a message arrival rate of (.  Then, the probability that the queue stays empty for t units of time is just:

p0(t) = p(0, (t) = e-(t
The rate of change of this probability is:


d p0(t)  / dt = - ( e-(t  = - ( p0(t)

Now, the probability that our queue is in state 0 at time t + (t is the sum of the mutually exclus-ive probabilities:

p0(t+(t) = p0(t) e-(t + p1(t) ((t e-(t + negligible probabilities

The first term on the right is the probability that we have no messages waiting at time t times the probability that we get no new messages in time (t
.  The second term is the probability that we have one message waiting at time t times the probability that it gets serviced in time (t2, sending the state back to zero waiting messages.  We are going to let (t become infinitesimal, so the probabilities that we might have more than one waiting message at time t and they all got serviced is neglibible.

The preceding expression is just an application of Bayes Law:


P(A) = P(A/B)P(B) + P(A/C)P(C), where P(B) + P(C) = 1

Here, the mutually exclusive probabilities are P(B) = p0(t) = probability that queue is in state 0 and P(C) = p1(t) = probability that the queue is in state 1, since we are neglecting the higher states which occur with vanishingly small probability for very small (t.  The conditional probabilities are P(A/B) = e-(t, the probability that we stay in state 0 provided that we are already in state 0, and P(A/C) = ((t e-(t, the probability that we move from state 1 to state 0, given that we were in state 1.

Dividing through by (t, we have:


(p0(t+(t) - p0(t)) / (t = (1 - e-(t) p0(t) / (t + ( e-(t p1(t)
and, as (t (0, we have:


d p0(t) / dt = - ( p0(t) + ( p1(t)

This is a first order linear coupled differential equation in queue state probabilities.  Applying exactly the same reasoning to each of the states, we get the general model for queue states:
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d pk(t) / dt =  ( pk-1(t) - (( + () pk(t) + ( pk+1(t) ,   k > 0

d p0(t) / dt = - ( p0(t) + ( p1(t) ,   k = 0

We can use this coupled (infinite) set of first order linear differential equations to solve for the probabilities of being in any state at any given time, given some initial set of state probabilities, e.g., p0(0) = 1 and pk(0) = 0 for k>0.

What we are usually interested in, however, is the steady state performance of the queue.  In steady state, all of the probabilities are constant, provided, of course, that a steady state exists.  Then, we have a couple set of linear algebraic equations to solve:


(1a)
0 =  ( pk-1 - (( + () pk + ( pk+1 ,   k > 0


(1b)
0 = - ( p0 + ( p1 ,   k = 0

Using these relationships and the fact that the sum of the queue state probabilities must be 1:


(1c)
( pk = 1
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After a little bit of algebraic manipulation of these equations, we find that:

(2a)
p0 = 1 - ( , 
( = ( / (

(2b)
pk = (k p0
The average queue length is:


(3)
N = ( k pk  = ( / 1 - (
And the response time, i.e., the average time a message spends in the queue and being serviced is:

(4)
R = N / (
Finite Length Queue Analysis

For a finite queue, we need to understand what happens if, when the queue is full, a new message arrives.  Our model will be that we simply discard the message.  For this case our queue state model looks like this:
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With some rather tedious algebraic manipulations, and series summations, we find that:


(5a)
p0  = (1 - () / (1 - (n+1) 

(5b)
pk = (k p0
The rate at which arriving messages are lost is:


(6)
rate of lost messages = ( pn
and the average queue length is:


(7)
N = ( (1 - (n) ( - (1 - () (n+1 / (1 - ()2 ) p0
As before, the response time is:


(8)
R = N / (
If we plot the average queue length versus load, (, we get the graphs shown on the next page for an infinite queue, and for finite queues of maximum length of 10 and 20 messages.
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This plot tells us that if the queue load factor rho becomes much larger than 0.5 then the average queue length and response time for messages in the queue get large very quickly.  When rho becomes 1.0, the queue will no longer reach a steady state, but will, in fact, grow in length as long as messages continue to arrive.
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Appendix – A Tiny Bit of Probability
1. Basic Probability

a. frequency of occurrence

b. ensemble versus sample statistics, ergodicity
2. Laws of Probability

a. Independent events

b. Conditional Probability

c. Mutually Exclusive Events
d. Bayes’ Theorem

3. Some Elementary Distributions

a. Uniform

b. Binomial

c. Poisson

d. Gaussian

4. Distribution Properties

a. Mean

b. Standard deviation

5. Sample Statistics

a. Mean

b. Standard deviation

c. Number of successes

6. Generating Random Numbers

a. Uniformly distributed samples

b. Samples from other distributions

c. Random events

d. Random event sequences
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� “An Introduction to Probability Theory and its Applications”, 2nd Edition, William Feller, Wiley, 1957


� The Poisson model implies that these are independent events, so the probability that we are in state 0 and don’t leave is the product of those two probabilities.
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