








































Makan Fardad
(otherwise the vectors are said
 to be “linearly dependent”)
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Makan Fardad
(gives lin. comb.
 of col. of A

Makan Fardad
(such y is orth.
 to col. of A)

Makan Fardad
(gives lin. comb.
 of rows of A

Makan Fardad
(such x is orth.
 to rows. of A)
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Makan Fardad
proof by contradiction:
suppose sol. not unique

Makan Fardad

Makan Fardad
—>  A z = 0

Makan Fardad

Makan Fardad
some lin. comb. of col. of A is zero,
which contradicts assumption of lin. ind.
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one could ask 3rd question: how can we characterize all solutions when solution
is not unique? answer: assume y in C(A), let x0 be a solution, & let F be any
matrix s.t. C(F) = N(A). then general solution of Ax = y is given by Fz + x0.























Makan Fardad
A has full column rank
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Makan Fardad
A has full row rank





























































































































































































Makan Fardad
the nonzero singular values are found from 

Makan Fardad
note that because A’A and A A’ are both symmetric (by construction) they are guaranteed to be diagonalizable
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& related to sigma_min

Makan Fardad
& sigma_max
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*   any non-invertible matrix has a zero singular value
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-
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Two singular values (Rank 2 approx):

Three singular values:

Five singular values:

Ten singular values:

Twenty singular values:

Forty singular values:

2







Makan Fardad
Note that the “data” is encapsulated in both the matrix A and the vector y. And both are subject
to errors/perturbations. In this slide we considered perturbations to A; in the next slide we 
consider perturbations to y. Ultimately, our aim is to find a bound on dx as a function of the 
sizes of A, dA, y, dy.
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aside:
gradient of f at x can be defined
using <Df(x),dx> = d/dt f(x+tdx)
with derivative on right hand
side being evaluated at t=0
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(the gradient of f is a column vector of the same dimension as x)
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(note that here J(x) is a quadratic function of x and therefore J(x+dx) will have
 at most second-order terms in dx; thus no Taylor expansion is necessary)
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of x
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Makan Fardad
finding best 
assignment of 70
people to 70 jobs:
number of possible
configurations exceeds
number of particles in universe,
but it takes only a moment to find 
optimum by posing problem as LP

Makan Fardad
KKT conditions
would give optimal
point in theory; in practice
solution is easily found numerically 
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so instead of 10^6 measurements we can get away with 6000, a 166-fold reduction









































Makan Fardad
c_i indicates cluster to which x_i belongs

Makan Fardad
z_j denotes center of cluster j



Makan Fardad
would have obvious solution z_{c_i} = x_i if we were allowed N clusters!
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