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On Optimality of Sparse Long-Range Links in Circulant
Consensus Networks
Makan Fardad
Abstract—We consider spatially invariant consensus networks in
which the directed graph describing the interconnection topology,
the link weights, and the temporal dynamics, are all characterized
by circulant matrices. We seek the best new links, subject to budget constraints, whose addition to the network maximally improves
its rate of convergence to consensus. Motivated by small-world
networks, we apply the optimal link creation problem to circulant
networks with local communication links. We observe that the optimal new links are sparse and long-range, and have an increasingly
pronounced effect on the convergence rate of the network as its
size grows. To further investigate the properties of optimal links
analytically, we restrict attention to the creation of links with small
weights, referred to as weak links. We employ perturbation methods to reformulate the problem of optimal weak link creation, and
uncover conditions on the network architecture which guarantee
sparse and long-range solutions to this optimization problem.
Index Terms—Circulant matrices, consensus, convex optimization, long-range links, perturbation methods, small-world networks,
social ties, sparse interconnection topology, weak communication
links.

I. INTRODUCTION
Small-world networks [1] have been the topic of active research in
the past decade and are observed in biological, social, and technological
networks [2]–[4]. Intuitively, these networks are characterized by their
regular short-range, and sparse long-range links; nodes are only locally
clustered and yet almost any node can be reached from any other
via a small number of hops. In an influential paper [5], numerical
evidence was used to suggest that the addition of sparse long-range
links to regular networks leads to a dramatic improvement in their rate
of convergence to consensus. It was thus conjectured that small-world
networks could be used to achieve ‘ultrafast consensus’ in a spectrum
of applications. Given the hypothesis that the complex structures of
real-world networks are optimal or nearly optimal for the function they
serve [6, Chap. 14], we are driven to investigate whether networks with
sparse long-range links [7]–[11] are optimal or nearly optimal in the
way they balance link creation and collective performance.
In this technical note, we consider the problem of optimal link creation for the purpose of consensus facilitation in circulant networks
[12], [13]. We frame our network design problems in the context of the
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DeGroot model [14] as a motivational application and concrete instance
of collaborative behavior. We focus on regular networks described by
circulant matrices, noting that a common method of generating smallworld networks is by augmenting regular lattices [1], [15]. From a
physical point of view, a circulant network can be interpreted as a homogenous one where every node represents an aggregation of many
agents (e.g., a small community in the case of a social network). Results obtained for circulant networks can provide important insights
and guidelines for the design of efficient communication architectures
for more general classes of networks [16].
Solutions of the optimal link creation problem indicate that, when the
budget for link creation is small, the optimal links have the property
of being both sparse and long-range for large classes of networks
with local communication links. Motivated by this observation, we use
perturbation methods to analytically investigate the topology of optimal
weak links, i.e., communication links of small strength. From a physical
standpoint, weak links can be interpreted as infrequent communication
between nodes [17]. Perturbation methods allow us to uncover mild
conditions on the architecture of the original network which guarantee
the sparsity and long-range property of optimal weak links.
This work supplements the growing literature on topology design
and consensus in dynamical networks. In [18], after assigning a measure of distance between all pairs of nodes, the communication efficiency of a network is defined as the average value of the inverses of
node distances, and the cost of a network as the sum of the lengths
of its links. These quantities are then used in numerical experiments
to show that small-world networks both are efficient at spreading information and are cheap to build. In [5] it is shown that the speed of
convergence in an unweighted and undirected consensus network can
be improved by orders of magnitude through the random rewiring of
links in a ring lattice. In [19] the authors demonstrate that the addition
of an Erdős-Rényi random graph to a ring lattice results in a significant increase in the speed of convergence to consensus, regardless of
the probability of the random links. In [20] the topology of certain
classes of expander graphs is proven to be asymptotically optimal for
achieving fast consensus in the limit of large graph size. In [21] the
structure of circulant Laplacian matrices is exploited to examine the
problem of probabilistic switching in consensus networks. In [22] the
authors consider the problem of how to best add a fixed number of
new links to a given network in order to maximally increase its number of spanning trees. It is proven in particular that for the problem
of adding a single shortcut to a ring network, the number of spanning trees is an increasing function of the length of the added link. In
[23] the design of fastest mixing Markov chains is examined, which is
equivalent to the design of fastest converging consensus networks with
undirected links. After demonstrating convexity of the design problem,
various types of symmetries are exploited to solve the optimization
problem analytically or to reduce its number of optimization variables.
In [24] the design of optimal communication topologies for consensus is considered under the assumption of binary links. The resulting
combinatorial optimization problems are solved using mixed-integer
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programming methods. In [25] an analytical framework is developed
for finding the best links with which to augment consensus networks
whose graphs are spanning trees. It is shown in particular that the best
single link to add to a spanning tree is the one that minimizes the graph’s
diameter.
Compared to existing literature, the distinguishing features of the
present work are its approach to link design within a budget-constrained
optimization framework and the exploitation of spatial invariance and
perturbation methods to analytically demonstrate the optimality of
sparse long-range links.
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weight of the link that ends at node i and starts at the |i − j|th neighbor
of node i on one side and equivalently the (n − |i − j|)th neighbor of
node i on the other side. The following is a standing assumption in the
rest of this technical note.
Assumption 1: The matrix T is real circulant with T 1 = 1, T ≥ 0,
Ti , i > 0, and its corresponding directed graph is strongly connected.
For a network described by the circulant matrix T , the preceding
optimization problem can be rewritten as
maximize
subject to

II. PROBLEM FORMULATION
We consider a network of n nodes, also referred to as agents, whose
values evolve according to the DeGroot model [14]
x(t + 1) = T x(t), with T 1 = 1, T ≥ 0.

(1)

Here, x(t) is a column n-vector composed of node values at time t, T
is a (not necessarily symmetric) n × n matrix [26] whose nonnegative
entries sum to one in every row, 1 is the column n-vector of all ones,
and the inequality is elementwise. These dynamics imply that, at every
time instant, nodes update their values by taking a weighted average
of the values of nodes they receive information from. In particular, if
the network is initialized at some x(0) whose entries all belong to the
interval [0, 1] then the entries of x(t) remain within this interval for all
t ≥ 0. If all diagonal entries of T are positive and the directed graph
described by T is strongly connected then all eigenvalues of T except
for one at λ = 1 belong to the open unit disk [27] and the network
reaches consensus asymptotically [14], i.e., x(t) → χ1 as t → ∞ for
some χ ∈ [0, 1].
Reference [16] considers a design problem where the network as
a whole is allotted a budget  with which to create new links for
the purpose of improving its efficiency of reaching consensus. Let
σi denote the sum of weights corresponding to the newinformationreceiving communication links created by the ith agent, ni= 1 σi ≤ .
For the ith agent to create new links of total weight σi , it has to ‘make
room’ in its current weighted averaging scheme by scaling down with
a factor of 1 − σi the weight of its existing links. Let the elementwise
nonnegative matrix U describe the weight and distribution of the new
links, so that the (i, j)th entry of U signifies a new link made by agent
i to receive information from agent j. Then the entries in the ith row
of U sum to σi , or equivalently U 1 = σ, where σ is a vector whose ith
entry is σi . Node values in this augmented network evolve according
to (1) with T replaced by ST + U and S := I − diag(σ). We can thus
formulate an optimal link creation problem subject to a constraint on
the total weight of new links
maximize
subject to

f (ST + U )
S = I − diag(U 1)
1∗ U 1 ≤ , U ≥ 0, U 1 ≤ 1,

where the optimization variables are the matrices U, S, all inequalities
are elementwise, and ∗ represents the complex conjugate transpose.
The objective function f characterizes the collective performance of
the network, which in the present work will be the efficiency with
which the network achieves consensus.
In contrast to [12], [16], and motivated in part by the investigation
of small-world networks [1]–[4], in this work we restrict attention to
spatially invariant networks described by circulant matrices. A circulant
matrix is one in which every row is a right cyclic shift of the row above it
[28]. We associate with every circulant matrix a graph whose nodes are
arranged around a circle and labeled consecutively. Let Xi , j denote the
(i, j)th entry of matrix X. If X is circulant then Xi , j = 0 indicates the

f (ST + U )
S = (1 − d)I, d ≤ δ
U 1 = d 1, U ≥ 0, U R = R U,

(2)

where the optimization variables are the matrices U, S and the scalar d,
with δ := /n ≤ 1. The function f measures the speed of the network
in reaching average consensus. The parameter δ represents the total
amount of resources available to each node with which to make new
links. The circulant matrix R is zero everywhere except on its first
lower subdiagonal and its (1, n)th entry, where it takes the value one;
the constraint U R = R U is a necessary and sufficient condition for
the matrix U to be circulant. To see this, note that multiplication of
U from the right by R results in a (cyclic) shift of the columns of U
leftward, and multiplication of U from the left by R results in a (cyclic)
shift of the rows of U downward; thus U R = R U is equivalent to
Ui , j + 1 = Ui −1 , j , as needed to guarantee a circulant U .
We note that the possibilities in the solution of (2) range from agents
making many new links with small weights (corresponding to a dense
matrix U with many small entries) to agents making a few links with
large weights (corresponding to a sparse matrix U with few significant
entries). In the rest of this technical note, we will demonstrate that when
f encapsulates the rate of convergence to consensus then the solution
of (2) corresponds to the generation of sparse long-range links for all
but very large values of δ.
Before closing this section, we make concrete what we mean by
a sparse matrix, a banded matrix, and a long-range link. We say that
a matrix is sparse when most of its entries are zero, and refer to it
as s-sparse when at most s of its entries are nonzero. We say that a
circulant matrix is k-banded when it has at most k nonzero upper and
k nonzero lower (circulant) subdiagonals. Finally, we say that a link is
long-range if the distance between the nodes it connects is of the order
of the network’s diameter.

III. OPTIMAL LINK CREATION FOR CONSENSUS FACILITATION
We begin this section by reviewing a performance objective that captures the speed with which the network converges to average consensus.
We use this objective together with (2) to formulate the optimal link
creation problem, and rewrite it as a semidefinite program (SDP). We
employ numerical experiments to show the sparse and long-range property of optimal links, as well as to demonstrate the graceful scaling with
system size of the augmented network’s temporal and graph-theoretic
characteristics. An analytic treatment of the problem is deferred until
Section IV.
Consider a design problem in which we wish to augment the communication graph of a network in order to achieve the fastest
 possible convergence to average consensus. Let xave (t) := n1
i xi (t) =
1 ∗
1
x(t),
and
consider
the
distance
from
average
consensus
at
n
time t,
ψ(t) :=

n

i= 1

(xi (t) − xave (t))2 = x(t)∗ Q x(t),

(3)
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where Q := I − n1 11∗ . From the properties of T and Q, and the fact
that all circulant matrices commute, it follows that
t

ψ(t) = x(0)∗ Q T ∗ T − n1 11∗ Q x(0),
and thus
ψ(t) ≤ x(0) − xave (0)1 22 λt0 ,
∗

λ0 := λm a x (T T −

1
n

(4)

∗

11 ).

It is easy to show that 0 ≤ λ0 < 1, and that the inequality in (4) is satisfied with equality if Qx(0) is aligned with the eigenvector corresponding to λ0 . Hence ψ decreases along the trajectories of the evolution (1).
If T is symmetric then λ0 is the square of the second-largest eigenvalue
modulus (often referred to as SLEM in the literature) [23] of T . We
conclude that to optimize the speed of convergence to consensus in the
augmented network, we need to minimize the largest eigenvalue of the
matrix (ST + U )∗ (ST + U ) − n1 11∗ . This determines the objective f
in problem (2).
We hereafter replace the inequality constraint d ≤ δ in (2) with the
equality constraint
d = δ,
and claim that the resulting optimization problem will render the
same augmented network. To elaborate, let (U opt , dopt ) with dopt < δ
be a solution of (2). Then it is easy to see that there always
exists a circulant matrix U ≥ 0, satisfying U 1 = δ1, such that the
dynamics of the augmented system resulting from (U, δ) is identical to that resulting from (U opt , dopt ); indeed, the circulant matrix
U = (δ − dopt )T + U opt ≥ 0 satisfies U 1 = δ1 and uniquely solves
the equation (1 − δ)T + U = (1 − dopt )T + U opt . In particular, both
scenarios render the same argument for the objective function f in (2).
For simplicity of notation, we define the dynamics of the augmented
system as
Tu := (1 − δ)T + U,
which allows the elimination of the first two constraints in (2). We now
formulate the main optimization problem of this technical note, namely
the problem of optimal circulant link creation


minimize λm a x Tu∗ Tu − n1 11∗
(5)
subject to U 1 = δ1, U ≥ 0, U R = R U,
recalling that δ ≤ 1. Note that when resources are abundant and δ = 1,
the globally optimal solution of (5) is given by U = n1 11∗ , which
renders the complete graph with homogeneous links Tu = n1 11∗ , [23].
Problem (5) can be rewritten as
minimize
subject to

γ
γI Tu∗ Tu − n1 11∗
U 1 = δ1, U ≥ 0, U R = R U,

or equivalently, using the Schur complement, as the semidefinite program
minimize
subject to

γ


γI +

1
n

Tu

11∗

Tu∗


0

(6)

I

U 1 = δ1, U ≥ 0, U R = R U.
Henceforth in this work, problems (5)–(6) will be the main focus of our
investigations. These problems are closely related to the fastest mixing
Markov chain problem formulated in [23]. In contrast to [23], however,

Fig. 1. Different plots correspond to different δ values, δ =
1/100, 1/25, 1/10, 1/2. The horizontal axis in each plot represents the
indices i = 1, . . . , n of the entries of a vector in Rn . The circular
points give the values of the entries of the first column μ of the optimal U resulting from problem (6). The value for i = 1 is repeated at
i = n + 1 to emphasize the circulant structure. In the case of δ = 1,
we have T u = U = n1 11∗ and all entries of μ are equal to 1/n (not
shown). The optimal γ values corresponding to the different plots are
γ = 0.9362, 0.8426, 0.6952, 0.1371.

we incorporate a budget δ for the creation of new links at every node and
eliminate any additional architectural constraints on the new links other
than their circulant structure. We will see that this framework allows
for the uncovering of pivotal communication topologies in the network,
as characterized by the nonzero entries of the optimal matrix U . In
the rest of this section using numerical examples, and in Section IV
using analytical methods, we will investigate the sparse long-range and
scaling properties of the solutions of (6).
A. Illustrative Example
We consider a network with n = 28 nodes and nearest neighbor
interactions described by a circulant matrix T whose first column τ is
given by
∗

τ = 12 14 0 · · · 0 14 .
We emphasize that T need not be symmetric and our choice of a
symmetric T here is merely for the sake of clarity of exposition, as it
leads to visually simpler plots. The entries of the first column μ of the
optimal circulant U resulting from problem (6) appear in Fig. 1. For
all computations we use CVX, a package for specifying and solving
convex programs [29], [30].
It can be seen in particular that when δ is small and thus resources for
the creation of new links are scarce, the optimal solution corresponds
to each node making a link of strength δ to the node farthest away from
itself, hence maximally reducing the graph’s diameter. We emphasize
that this solution is not obvious; for example, it is reasonable to expect
that the optimal link-creation policy for every node is to distribute
its recourses democratically and make links to all other nodes in the
network. In Section IV we will revisit the small-δ problem, which we
will refer to as the creation of ‘weak’ links, and will bring to bear
perturbation methods to further explore the topology of optimal links
rendered by (5)–(6).
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Fig. 2. Different plots correspond to different k values, k = 1, 2, 3, 4.
The horizontal axes represent the value of δ. Every point on a plot gives
the average value of the sparsity ratios for all networks in an ensemble,
and the vertical bar through the point depicts one standard deviation on
either side.

B. Ensembles of Random Networks
In this section we show that the sparse and long-range properties
of optimal new links, demonstrated in Fig. 1 for a specific example,
hold for general classes of circulant networks with local links. We consider ensembles of 50 randomly and independently generated circulant
networks of size n = 50, where all nodes of the networks in a given
ensemble have the same number of nearest neighbor interactions. We
generate four ensembles k = 1, 2, 3, 4 of k-banded matrices, recalling
that k signifies the maximum number of nearest neighbors with which
every node interacts on each side. Thus the first column of the matrix
T for any network that belongs to the kth ensemble has the form
∗
,
τ =
··· 0 ··· 0 ···
k

k

where the stars represent nonnegative random numbers that sum to one,
such that 1∗ τ = 1.
Fig. 2 demonstrates the degree of sparsity of newly generated links
as a function of δ, where each plot corresponds to an ensemble with
fixed k. For a given network we define the sparsity ratio of an optimal
U resulting from problem (6) to be the ratio of the number of nonzero
entries in U to the total number of possible entries n2 . Every point on a
plot gives the average value of the sparsity ratios for all networks in an
ensemble, and the vertical bar through the point depicts one standard
deviation on either side. For small values of δ the optimal U for all
networks in an ensemble are sparse, and they remain sparse for higher
values of δ as the number k of nearest neighbor interactions in the
original network increases.
Fig. 3 demonstrates the length of newly generated links as a function
of δ, where as before each plot corresponds to an ensemble with fixed k.
For a given network we define the maximum (resp. minimum) range of
optimal links as the length of the longest (resp. shortest) link among all
optimal links resulting from problem (6). Every red (resp. blue) point
on a plot gives the average value of the maximum (resp. minimum)
range of optimal links for all networks in an ensemble, and the vertical
bar through the point depicts one standard deviation on either side.
For small values of δ the optimal U for all networks in an ensemble
correspond to the generation of long-range links. The red plots show
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Fig. 3. Different plots correspond to different k values, k = 1, 2, 3, 4.
The horizontal axes represent the value of δ. Every red (resp. blue)
point on a plot gives the average value of the maximum (resp. minimum)
range of optimal links for all networks in an ensemble, and the vertical
bar through the point depicts one standard deviation on either side.

that long-range links persist through the entire range of δ values, while
the blue plots illustrate the decrease in length of the shortest links as δ
increases.
C. Scaling-in-n of Convergence Rate & Average Path Length
Issues of scaling are prominent in network analysis and design. We
consider the scaling-in-n of the solutions of (6) with respect to two
characteristic quantities of dynamical networks: convergence rate and
average path length.
We define the (system-theoretic) notion of rate of convergence-toconsensus of the circulant network associated with T as



(7)
ξ(T ) := − log λm a x T ∗ T − n1 11∗ .
We have that ξ(T ) → 0 as λm a x (T ∗ T − n1 11∗ ) → 1 and ξ(T ) → ∞
as λm a x (T ∗ T − n1 11∗ ) → 0.1 To see how the convergence properties
of the solution Tu of (6) compare to that of T , we normalize the
rate of convergence of Tu with that of T and consider ξ(Tu )/ξ(T ).
This normalization will be particularly revealing when we consider the
scaling of ξ(Tu ) with network size.
We also employ the (graph-theoretic) notion of the average path
length of the graph associated with T , defined as the average of the
shortest paths between all pairs of nodes in the graph. For a given T
we define its associated binary matrix A as

1 if Ti , j = 0,
Ai , j :=
0 if Ti , j = 0.
The graph corresponding to A is the unweighted version of the directed
graph corresponding to T . Let Δ(T ) represent the matrix of node
1 Part of the motivation for definition (7) comes from the continuous-time
consensus problem ẋ = −L x considered in [5], where changes to the second smallest eigenvalue ξ of the symmetric Laplacian matrix L of a network
was investigated as a result of the addition of new links. Given the temporal convergence-to-consensus of e−ξ t for such a system and comparing it to
the convergence behavior λt ≡ e(lo g λ)t for a discrete-time consensus network
[see (4)] one obtains the correspondence ξ ∼ − log λ. Reference [5] further
normalizes ξ by considering ξ/ξ0 , where ξ0 characterizes the second smallest
eigenvalue of the Laplacian of the original (non-augmented) network.
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an increasingly prominent effect on the convergence rate as n grows.
Furthermore, it can be seen that while (T ) scales linearly in n, the
solution Tu of (6) is such that (Tu ) remains essentially independent
of n.
IV. CREATION OF OPTIMAL WEAK LINKS: SPARSE
& LONG-RANGE COMMUNICATIONS

Fig. 4. The plot on the left shows ξ(T u )/ξ(T ) for U resulting from
problem (6), and the one on the right shows (T u ). The horizontal axes
represent the value of δ. In the case of δ = 0, we have (T u ) = (T ) =
7.26 corresponding to the average path length of the original network
(not shown).

In this section we consider the problem of finding optimal weak
links, where we refer to a link as weak if it has small weight. Weak links
can be thought of as a proxy for modeling infrequent communication
between the nodes they connect. The cohesive power of weak ties and
their importance in the diffusion of information in social networks was
illustrated in the seminal work [17]. We use perturbation methods to find
conditions on the network architecture which guarantee optimal weak
links that are both sparse and long-range. For improved readability
we first state our main results in Props. 1–4 and then proceed to their
proofs.
A. Optimal Weak Links
We reconsider problem (5) under the assumption that δ is a small
positive number ε, and hence the elementwise-positive matrix U has
small entries

Fig. 5. Different pairs of plots correspond to different δ values, δ =
1/25, 1/2. In each pair of plots, the one on the left shows ξ(T u )/ξ(T )
for U resulting from problem (6), and the one on the right shows (T u )
[in red] versus (T ) [in blue]. The horizontal axes represent the size n of
the network.

distances
(Δ(T ))i , j := length of shortest path from node j to
node i in directed graph defined by A,
where every link has unit length and (Δ(T ))i , i = 0. The average path
length of T is now given by
(T ) :=

n

1
(Δ(T ))i , j .
n(n − 1) i , j = 1

Inspired by [5], we return to the network considered in
Section III-A and investigate changes in ξ(Tu )/ξ(T ) and (Tu ) resulting from variations in δ. Fig. 4 demonstrates these changes as a
function of δ. Similar to the findings in [5], we observe that even
small values of δ in (6) lead to dramatic improvements in the rate of
convergence-to-consensus for the augmented system.
As another example, we consider networks with nearest neighbor
interactions described by circulant matrices T ∈ Rn ×n whose first column τ is given by
∗

τ = 12 00 230 0 · · · 0 270 .
While maintaining the same nonzero entries for T (and therefore the
same local interaction topology) and fixing the value of δ, we increase
the network size n and observe the scaling properties of the solution of
(6). In particular, we examine the scaling-in-n of the convergence rate
and average path length corresponding to the augmented system Tu ,
and compare it with those of T . As before, all optimization problems
are solved using CVX [29], [30].
Each pair of plots in Fig. 5 corresponds to a different value of δ and
demonstrates how ξ(Tu )/ξ(T ) [on left] and (Tu ), (T ) [on right]
scale with n. Plots remain qualitatively similar for the entire range of
δ values. The plots in Fig. 5 reveal that the newly created links have

minimize
subject to

λm a x (Tu∗ Tu − n1 11∗ )
U 1 = ε1, U ≥ 0, U R = R U.

(8)

The conceivable scenarios resulting from solutions of (8) range from
every node making only one link of weight ε to every node making
many links whose weights add up to ε. Prop. 3 and Prop. 4 in what
follows will establish conditions on T such that the optimal U resulting
from (8) corresponds to the generation of sparse and long-range links.
We begin, however, by exploiting a perturbation framework in Prop. 1
to simplify (8).
Proposition 1: For U =: εV, V 1 = 1, and small enough values of
ε we have




λm a x Tε∗v Tε v − n1 11∗ = λm a x T ∗ T − n1 11∗
+ εg(V ) + O(ε2 ),
where
Tε v := (1 − ε)T + εV,


g(V ) := λm a x P ∗ (T ∗ V + V ∗ T )P − 2λ0 ,
and P ∈ C n × r is a matrix whose columns constitute normalized and
mutually orthogonal eigenvectors corresponding to the largest eigenvalue λ0 > 0 of T ∗ T − n1 11∗ with multiplicity r.
We remark that perturbed repeated eigenvalues can in general have
non-analytic dependence on the perturbation parameter [31]. However,
our restriction to circulant matrices in the present work allows for a simplification of the spectral perturbation problem and renders eigenvalues
that are all analytic in ε.
Motivated by Prop. 1, we replace the objective in (8) with its firstorder approximation to form the optimal weak link creation problem


minimize λm a x P ∗ (T ∗ V + V ∗ T )P
(9)
subject to V 1 = 1, V ≥ 0, V R = R V.
To elaborate on the relationship between problems (9) and (8), let
δ = ε be a given small number signifying the total weight of the new
information-receiving links to be created at each node, and let V opt
solve (9). Then
U = εV opt
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is an approximate solution to (8).
B. Optimality of Sparse & Long-Range Links
We begin by reviewing some definitions and notation pertaining to
Fourier domain representations. We then employ frequency methods
to uncover conditions under which optimal weak links will be sparse
and long-range.
Let the unitary matrix F indicate the discrete Fourier transform,
Fl + 1 , m + 1 :=

e−i2 π l m / n ,

√1
n

l, m = 0, . . . , n − 1.

(10)

We will henceforth use hatted variables to represent the Fourier transform of matrices and vectors,
X̂ := F XF ∗ ,

x̂ := F x,

for any n-vector x and n × n matrix X. It is well-known that all
circulant matrices are simultaneously diagonalized by F [26], so that if
X is circulant then X̂ is diagonal. Let τ and τ̂ respectively characterize
the first column of the circulant matrix T and its Fourier symbol,
τ = T e1 ,

τ̂ = F τ,

(11)

where e1 denotes the 1st standard basis vector of Rn . Then
√1
n

τ̂i =

T̂i , i ,

i = 1, . . . , n,

(12)

4055

The following two propositions constitute the main results of this
section.
Proposition 3: If Assumptions 1–2 hold, then the solution of (14)
is an n-sparse matrix.
Proposition 4: If Assumptions 1–2 hold and
n −1
2

−

n
2π

θ≤q<

n+1
2

−

n
2π

θ

(15)

for θ defined as in (13) and some integer q, then the solution of (14)
corresponds to the generation of a link between every node and its
qth neighbor. Furthermore, if T is a k-banded matrix with k  n, this
solution corresponds to the generation of long-range links.
The results of Prop. 4 are particularly easy to verify for a symmetric and banded matrix T . In this case τ̂ ∈ Rn , θ = 0, Ki , j =
2ρ
cos( 2nπ (i − j)), and therefore the smallest entries of K occur at
n
subdiagits |i − j| = n2 subdiagonal if n is even and its |i − j| = n −1
2
onal if n is odd, thus maximally reducing the network’s diameter. This
is reminiscent of the results in [25].
In summary, Assumption 2 and Prop. 3 ensure the sparsity of optimal
weak links. However, while Assumption 2 restricts the columns/rows of
T to have a strong first harmonic component it does not restrict spatial
shifts of this component. This motivates Prop. 4, where the exact range
of optimal weak links and conditions for their long-range property are
derived.

with T̂ = F T F ∗ .2 Finally, let
θ := ∠T̂2 , 2 = ∠τ̂2 ,

ρ := |T̂2 , 2 | =

√

n |τ̂2 |.

(13)

and take ei to represent the ith standard basis vector of Rn .
Assumption 2: The Fourier symbol of the matrix T satisfies
|τ̂2 | > |τ̂i |,

i = 3, . . . ,  n2 +1,

with τ̂ defined as in (12)–(11).
The assumption implies that every column/row of T as a vector
has a larger component in the direction of the first spatial harmonic
ϕ2 = F ∗ e2 (and ϕn = F ∗ en ) than in the direction of any other harmonic, i.e., |ϕ∗2 τ | > |ϕ∗i τ | or equivalently |τ̂2 | > |τ̂i | for i = 1, 2, n.
In many physical systems, for example in a social network, it is reasonable to expect that T satisfies Assumption 2. Roughly, this is because
the influence of agents on one another deteriorates as they grow more
distant, and therefore the nonnegative entries of T decay as one moves
from the main diagonal to the  n2 th upper and lower subdiagonals. For
instance, it is often the case that T is a banded matrix with only a few
nonzero subdiagonals around its main diagonal, corresponding to local
communication only between every node and its closest neighbors.
Proposition 2: If Assumptions 1–2 hold, then (9) is equivalent to
the optimization problem
minimize
subject to

trace(K ∗ V )
V 1 = 1, V ≥ 0, V R = R V,

with
K := T P P ∗ ,

(14)



P = F ∗ e2 , en .

One can interpret K as a ‘filtered’ version of T , where only the first
spatial harmonic of the columns/rows of T survives the filter P P ∗ , and
the columns/rows of K inherit a pure cosine structure of period n and
frequency l = 1, namely Ki , j = 2nρ cos( 2nπ (i − j) + θ); see (18)–(19)
for details.
2 We

e∗i τ̂

=

have τ̂ = F τ = F T e1 =
√1
n

e∗i T̂ 1

=

√1
n

T̂ i , i .

√1
n

F T F ∗1 =

√1
n

T̂ 1 and therefore τ̂ i =

C. Proofs of Propositions 1–4
Proof of Prop. 1: Replace U in (8) with εV , and let Tε v = (1 −
ε)T + εV . Clearly


λm a x Tε∗v Tε v − n1 11∗ = λm a x (T̂ε∗v T̂ε v − e1 e∗1 )

= λm a x T̂ ∗ T̂ − e1 e∗1 + ε(T̂ ∗ V̂ + V̂ ∗ T̂ − 2 T̂ ∗ T̂ )

+ ε2 (T̂ ∗ T̂ − T̂ ∗ V̂ − V̂ ∗ T̂ + V̂ ∗ V̂ ) ,
where all hatted matrices are diagonal. For small enough ε the maximum eigenvalue of Tε∗v Tε v − n1 11∗ is thus found from a perturbation
of the largest (and possibly repeated) diagonal entries λ0 > 0 of the
matrix T̂ ∗ T̂ − e1 e∗1 . Therefore,
λm a x (Tε∗v Tε v − n1 11∗ )


= λ0 + ελm a x P̂ ∗ (T̂ ∗ V̂ + V̂ ∗ T̂ − 2λ0 I)P̂ + O(ε2 ),


where P̂ = ei 1 , . . . , ei r is a matrix whose columns are composed of
standard basis vectors of Rn , and the indices {i1 , . . . , ir } correspond to
the r ≥ 1 locations where λ0 appears on the diagonal of T̂ ∗ T̂ − e1 e∗1 .
Returning to the spatial domain we obtain the expression for λm a x
given in the statement of the proposition, with
P = F ∗ P̂ .
The proof of the proposition is now complete.

The following lemma will be instrumental in the proofs of
Props. 2–4.
Lemma 5: If Assumptions 1–2 hold, then the largest eigenvalue
λ0 > 0 of T ∗ T − n1 11∗ has multiplicity r = 2 and the matrix P
of orthonormal eigenvectors of T ∗ T − n1 11∗ corresponding to λ0 is
given by


P = F ∗ e2 , en .

(16)
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Furthermore, the cosine structure of the rows (and columns) of K
implies that its entries achieve a distinct minimum value in every row
(and column). Let ν denote the value of the smallest entries of K,

Proof of Lemma 5: From (12) we have for i = 2, . . . , n,
n|τ̂i | = T̂ ei
2

2

= T F ∗ ei

2

= (T −

11∗ )F ∗ ei

1
n

2

ν = min{Ki , j , i, j = 1, . . . , n},
,

where in the last equality we have used the fact that 1 is orthogonal to
the ith column of F ∗ for i ≥ 2. Thus
n|τ̂i |2 = e∗i F M F ∗ ei

(17)

= M̂i , i ,
with M := T ∗ T − n1 11∗ .
Since M is a real symmetric circulant matrix, M̂ is real diagonal with M̂i , i = M̂n −i + 2 , n −i + 2 for i = 2, . . . ,  n2 +1. Then
the largest eigenvalue λ0 of M appears in pairs at the ith and
(n−i+2)th diagonal entries of M̂ for (possibly multiple) i ∈
{2, . . . ,  n2 +1}, and the eigenvectors corresponding to λ0 occur in
pairs at the ith and (n−i+1)th columns of F ∗ . Note also that T 1 = 1
implies M̂1 , 1 = 0.
From Assumption 2, equations (17), and the argument in the previous
paragraph, it follows that
M̂2 , 2 > M̂i , i ,

i=

3, . . . ,  n2

+1

and therefore λ0 has multiplicity two, and that the eigenvectors of
T ∗ T − n1 11∗ corresponding to λ0 are F ∗ e2 and F ∗ en . The proof of
the lemma is now complete.

Proof of Prop. 2: Since T ∗ V + V ∗ T is a real symmetric circulant
matrix, the 2nd and nth diagonal entries of T̂ ∗ V̂ + V̂ ∗ T̂ are real and
equal. Let these diagonal entries have value ζ ∈ R. Then

and let iν denote the index of some circulant subdiagonal of K that
achieves this minimum. Take V opt to be the circulant matrix that takes
the value one on its iν th subdiagonal and zero elsewhere. The matrix
V opt achieves the smallest value of the objective in (14) among all
elementwise-nonnegative V for which V 1 = 1, and is n-sparse. Thus,
in the set of nonzero circulant matrices of size n, V opt is maximally
sparse. The proof of the proposition is now complete.

Proof of Prop. 4: Recall from the proof of Prop. 3 that


Ki , j = 2nρ cos 2nπ (i − j) + θ .
Thus the constant value on the (i − j)th circulant subdiagonal of K is
given by sampling the cosine function at 2nπ (i − j) + θ. It is convenient to make a change of variables by setting i − j =: q with q ∈ Z.
The minimum value of the entries of K is then achieved on its qth
subdiagonal if
π−

2π
π
π
≤
q+θ <π+ ,
n
n
n

which is equivalent to inequality (15). It follows that V opt defined as the
circulant matrix with ones on its qth subdiagonal and zeros elsewhere
solves (14).
Furthermore, if T is k-banded then
τ̂2 =

√1
n



where P̂ = e2 , en from Lemma 5 and the identity matrix on the right
has dimension 2. This implies P ∗ (T ∗ V + V ∗ T )P = ζI and




1
λm a x P ∗ (T ∗ V + V ∗ T )P = trace P ∗ (T ∗ V + V ∗ T )P
2
with K = T P P ∗ . The proof of the proposition is now complete. 
Proof of Prop. 3: Since T is a real circulant matrix, T̂ is diagonal
with T̂i , i = (T̂n −i + 2 , n −i + 2 )∗ for i = 2, . . . ,  n2 +1. Recalling from


Lemma 5 that P̂ = e2 , en , we have from Prop. 2
(18)

= T̂2 , 2 e2 e∗2 + T̂n , n en e∗n
= ρ eiθ e2 e∗2 + ρ e−iθ en e∗n .
Multiplying K̂ from left and right respectively by F ∗ and F , we obtain
K = ρ eiθ F ∗ e2 e∗2 F + ρ e−iθ F ∗ en e∗n F,

eiθ ei2 π (i −1 )/ n e−i2 π (j −1 )/ n

+
=

2ρ
n

ρ
n

e

(19)

−iθ i2 π (n −1 )(i −1 )/ n −i2 π (n −1 )(j −1 )/ n

e

=

√1
n

k


e−i2 π m / n τm + 1 ,

m = −k

|θ| = |∠τ̂2 | <

2π
k.
n

(21)

Inequalities (15) and (21) render
n−1
n+1
−k < q <
+ k.
2
2
Since k  n we conclude that |q| is O(n), which guarantees the generation of a long-range link at every node. The proof of the proposition
is now complete.

V. CONCLUSION

and for i, j = 1, . . . , n,
ρ
n

e−i2 π m / n τm + 1

where τi := τn + i for i = −k, . . . , 0. The last expression above is the
weighted sum of 2k + 1 unit-modulus complex numbers whose phases
are equally spaced in [− 2nπ k, 2nπ k]. This, together with the assumptions
k  n and τ1 = T1 , 1 > 0, implies that

= trace(K ∗ V ),

Ki , j =

n −1

m = 0

P̂ ∗ (T̂ ∗ V̂ + V̂ ∗ T̂ )P̂ = ζI,

K̂ = T̂ P̂ P̂ ∗

(20)

e

cos( 2nπ (i − j) + θ).

Thus K is circulant, as its ijth entry depends only on i − j
(modulo n).

We consider the problem of budget-constrained optimal link creation
for the enhancement of convergence to consensus in circulant networks.
We demonstrate numerically that when the budget for link creation is
small, optimal links have the property of being both sparse and longrange for large classes of networks with local communications. We use
perturbation methods to analytically investigate the topology of optimal
communication links of small strength, and uncover conditions on the
network architecture which guarantee their sparsity and long-range
property.
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