2015 IEEE 54th Annual Conference on Decision and Control (CDC)
December 15-18, 2015. Osaka, Japan

On Consensus-Based Community Detection
Makan Fardad

Abstract— We consider networks in which every node updates its value in discrete time by taking a weighted average
of the values of the nodes it interacts with. Using an objective
function that quantifies the efficiency with which clusters of
interacting nodes converge to consensus internally, we formulate
an optimization problem that identifies distinct communities
in the network. The optimal community detection problem is
combinatorial in nature and intractable in general, and we use
convex relaxations to reformulate the problem as a semidefinite
program. We demonstrate the utility of our algorithm by
applying it to some benchmark graphs from the network science
literature.
Index Terms— Clustering, community detection, consensus,
convex relaxation, dynamical systems, graph partitioning, optimization, semidefinite programming, social networks.

I. I NTRODUCTION
Community detection algorithms are of interest in a range
of biological, social, and technological networks; examples
include the identification of proteins groups that collectively
serve a certain function within the cell [1]–[3], the detection
of criminal organizations using cell phone metadata [4],
and the partitioning of power networks for identifying slowcoherent areas [5], [6] and for islanding under contingencies
[7]. Community detection and clustering problems are
inherently combinatorial and require approximations and/or
heuristics to make them tractable [8].
Among the many existing community detection algorithms
[9], [10], those based on modularity maximization and
spectral methods have dominated the literature [8], [11]–
[16]. It has been argued that optimizing modularity suffers
from a resolution limit and may over- or under-partition
the network [9], [10], [17], [18], thus missing its natural
community architectures. Furthermore, these methods are
rooted only in the topological aspects of a network’s graph,
are insensitive to its temporal dynamics and time scales,
and are sometimes incapable of detecting even weakly
connected clusters [19]–[21].
Reference [17] employs random walks on graphs to
provide a dynamical approach to community detection.
Using Markov chains and temporal autocovariances, a
partitioning of a graph is categorized as high quality for a
given time horizon if a random walk starting within a cluster
spends most of its time there before escaping. Although
[17] uses temporal dynamics in its characterization of
cluster quality, it still requires an exhaustive search over all
possible partitions of the network. The authors thus rely
on heuristic-based methods to obtain tractable optimization
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algorithms. Reference [22] considers an extension of the
Krause opinion dynamics model to characterize and detect
communities as asymptotically connected components of the
network, while [23] employs the maximum entropy principle
to formulate and solve dynamic clustering problems.
In this paper we employ convex optimization, and a
consensus-based objective function, to identify communities
in networks of dynamical agents. We consider networks in
which links are weighted and directed, and nodes execute a
consensus protocol based on DeGroot dynamics [24]. We
first quantify the efficiency with which clusters of nodes
converge to consensus internally. We then formulate an
optimization problem that identifies communities which
maximize this efficiency. Our formulation employs the
Lyapunov equation to characterize cumulative temporal
behavior while effectively eliminating the time variable.
The resulting optimization problem is combinatorial and
nonconvex, and we use convex relaxations to reformulate
the problem as a semidefinite program. Finally, we apply
our detection algorithm to some benchmark graphs from the
network science literature.
Given that the proposed detection algorithm allows for
weighted and directed graphs, accounts for the network’s
temporal dynamics, and finds communities optimally based
on their ability to reach consensus, it is expected that it
will perform better than other existing clustering methods in
applications where consensus behavior (such as synchronization performance in power networks) is of primary concern.
II. P ROBLEM F ORMULATION
In this section we begin by describing a linear dynamical
model for the evolution of node values in a network. We
derive a performance objective that quantifies the efficiency
with which communities of nodes converge to consensus
internally. We then formulate an optimization problem that
uses this consensus-based performance objective to find the
best clustering of the network. Hereafter in this paper we use
the words ‘cluster’ and ‘community’ interchangeably.
A. Temporal Dynamics
We consider a network in which node values evolve
according to DeGroot dynamics [24]
x(t + 1) = T x(t),

(1)

where x(t) ∈ Rn is the vector of node values at time t and
T ∈ Rn×n is a (not necessarily symmetric) matrix such that
T 1n = 1n ,

T ≥ 0.

(2)

Here, 1n is defined as the column n-vector of all ones and
≥ denotes elementwise matrix inequality. Henceforth we
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will drop the subscript n and write 1 instead of 1n , but
will reinstate the subscript for emphasis or when the vector
of all ones has dimension other than n.
If we interpret nodes as agents and node values as agents’
beliefs, then the DeGroot model (1)-(2) implies that at every
time instant agents update their beliefs by taking a weighted
average of their own beliefs and the beliefs of those they
interact with. If all diagonal entries of T are positive and
the graph described by T is strongly connected, then all
eigenvalues of T except for the one at λ = 1 belong to the
open unit disk, and the network (1)-(2) will reach consensus
asymptotically [24], [25]. Finally, if the system is initialized
at some x(0) whose entries all belong to the interval [0, 1],
then the entries of x(t) remain within this interval for t ≥ 0.
B. Quadratic Measure for Efficiency of Reaching Consensus
Reference [26] considers a measure of consensus-reaching
efficiency that accounts for the cumulative-over-time fluctuation of beliefs around consensus. When the matrix Q is
chosen such that
Q  0,

1T Q 1 = 0,

(3)

with  denoting matrix inequality with respect to the positive semidefinite cone, then the quadratic form x(t)T Q x(t)
characterizes the deviation of beliefs from consensus at t. In
particular, if Q = I − n1 11T then x(t)T Q x(t)Pyields the
n
deviation from averagePat time t, i.e., xT Q x = i=1 (xi −
n
1
2
x
) with xave := n i=1 xi . Defining J as the average of
Pave
∞
T
t=0 x(t) Q x(t) as x(0) changes over a set of orthonormal
vectors that span Rn , it is shown in the appendix that
J = trace(P ),

(4)

P∞
value of t=0 x(t)T Q x(t) is small for a network that has
been initialized to some initial vector of beliefs x(0). To
elaborate, within any given cluster all nodes are strongly
coupled and therefore will quickly converge to a (perhaps
slowly varying) common value. Therefore, within cluster
k the deviations of node values from the cluster average,
as quantified by xk (t)T Qk xk (t), remains small for all t.
Summing over all clusters gives that x(t)T Q x(t) is small
for all time.
Of course, for a general large network and desired
number of clusters m, it is unlikely that a partitioning with
weak inter-cluster coupling exists or can be easily identified
by inspection. The problem thus becomes one of finding
m clusters that minimize J in (4)-(5), with the matrix Q
acting as an optimization variable whose structure describes
the clusters.
We define the auxiliary variable K ∈ {0, 1}n×m to be a
binary matrix that characterizes both Q and the m clusters
in the network as follows. Let
(
1 if node η belongs to cluster κ
Kηκ =
0 otherwise,
where Kηκ denotes the (η, κ)th entry of K, and set
X = KK T ,

Now define Q = I − D−1 X, or equivalently
Q := D−1 (D − X)
= D−1/2 (D − X)D−1/2 .
The matrix Q, as formed above, has the following properties:
•

where P  0 satisfies the algebraic Lyapunov equation
P = (T − n1 11T )T P (T − n1 11T ) + Q,

•

(5)

and P 1 = 0. For a given Q, the smaller J is the more
efficient the convergence of beliefs to the consensus value.
C. Efficiency of Clusters in Reaching Consensus Internally
We utilize (3)-(5) to quantify the efficiency with which
communities of nodes reach consensus internally, where Q
will now additionally serve to characterize the clusters.
Consider a network with m clusters and nk nodes
in cluster k. Without loss of generality, let nodes be
numbered such that those with indices 1, . . . , n1 belong to
cluster 1, nodes with indices n1 + 1, . . . , n1 + n2 belong
to cluster 2, and so on for all clusters k = 1, . . . , m.
Let Q be a block-diagonal matrix Q = diag{Qk }m
k=1 ,
k
Qk ∈ Rnk ×n
.
This
special
structure
of
Q
implies
that
Pm
T
Q
x
,
where
x
denotes
the
state
x
xT Q x =
k
k
k
k=1 k
vector corresponding to nodes in cluster k. In particular,
if Qk = Ink − n1k 1nk 1Tnk then xTk Qk xk quantifies the
deviation of beliefs in cluster k from the cluster average,
where Ink denotes the identity matrix of dimension nk .
Let us now consider an exaggerated scenario in which
the links between clusters are few and weak while the
links within clusters are many and strong. In this case the

D = diag(X1).

Q satisfies (3), and
with an appropriate relabeling of the nodes, Q is blockdiagonal with kth block Qk = Ink − n1k 1nk 1Tnk .

We use an example to elucidate the equations relating Q, D,
X, and K. Consider a network of five nodes in which we
have identified the optimal two clusters to be composed of
nodes {1, 2, 3} and {4, 5}, so that n1 = 3 and n2 = 2. Then






3 0 0 0 0
1 1 1 0 0
1 0
0 3 0 0 0
1 1 1 0 0
1 0






K = 1 0, X = 1 1 1 0 0, D = 0 0 3 0 0 (6)
0 0 0 2 0
0 0 0 1 1
0 1
0 0 0 0 2
0 0 0 1 1
0 1
 2 1 1



0 0
2 −1 −1 0 0
3 −3 −3
− 1 2 − 1 0 0
−1 2 −1 0 0
 31 13 23



− 3 − 3 3 0 0
D−X = −1 −1 2 0 0, Q = 

,
 0 0 0 1 −1
 0 0 0 1 −1
2
2
0 0 0 −1 1
0 0 0 − 21 12
where Q = diag{Q1 , Q2 } with Q1 = I3 − 31 13 1T3 and
Q2 = I2 − 12 12 1T2 .
Finally, due to the special structure of K, the positive
semidefinite matrix X = KK T always satisfies
X ◦ I = I,

X ∈ {0, 1}n×n ,

where ◦ denotes elementwise matrix multiplication.
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(7)

D. Consensus-Based Community Detection
We now formulate the problem of finding the optimal
m clusters that minimize a consensus-based objective in a
network of n nodes as
minimize trace(P )
subject to P −(T − n1 11T )TP (T − n1 11T ) = D−1 (D−X)
P  0, D = diag(X1), X = KK T
K1m = 1n , K ∈ {0, 1}n×m ,
(8)
where the optimization variables are the matrices P, D, X,
and K.
Problem (8) is challenging due to the nonlinearity of the
Lyapunov equality constraint in the optimization variable
D, the nonlinearity of the equality constraint X = KK T ,
and the existence of binary constraints. In order to restrict
the enlargement of the feasible set when the nonconvex
constraints are relaxed later in Sec. III, we endow problem
(8) with the redundant constraints in (7) to obtain
minimize

trace(P )

subject to P −(T − n1 11T )TP (T − n1 11T ) = D−1 (D−X)
P  0, D = diag(X1), X = KK T
X ◦ I = I, X ∈ {0, 1}n×n
K1m = 1n , K ∈ {0, 1}n×m .
(9)
Problem (9) is the main focus of this work. We note that if
the number of clusters m was allowed to vary and was itself
an optimization variable, then the solution of (9) would be
given by K = X = D = I, every node would be a cluster
on its own, the right-hand side of the Lyapunov equation in
(9) would be Q = D−1 (D − X) = 0, and P = 0 would
minimize the objective.
III. R ELAXED R EFORMULATION OF C ONSENSUS -BASED
C OMMUNITY D ETECTION
In this section we relax the nonconvex constraints in (9)
in such a way that the resulting problem is a semidefinite
program (SDP).
Returning to problem (9) we convexify the Lyapunov
constraint by dropping the scaling factor D−1 from the right
hand side, we replace the nonconvex equality constraint X =
KK T with the convex inequality constraint X  KK T , and
we relax both of the binary constraints X ∈ {0, 1}n×n and
K ∈ {0, 1}n×m to their convex hulls. We thus arrive at the
convex optimization problem
minimize

trace(P )

subject to P − (T − n1 11T )T P (T − n1 11T ) = D − X

KK T can further be rewritten as


X K
 0,
KT I
rendering problem (10) a semidefinite program that can be
solved efficiently.
To elaborate on dropping D−1 from the Lyapunov
equality constraint, we observe that D − X still satisfies
the two conditions (3) required of the matrix on the right
hand side of the Lyapunov equation, namely D − X  0
and 1T (D − X)1 = 0. Furthermore, if the clusters are
roughly the same size then D will be close to a multiple
of the identity; therefore, its elimination from the Lyapunov
equation can be approximated by a rescaling of the matrix
P and will not significantly affect the solution of the
optimization problem.
Remark: Another method for forming a linear approximation of the Lyapunov equation in (9) is to replace its right
e −1/2 (D−X)D
e −1/2 , where D
e −1/2 serves as
hand side with D
−1/2
−1/2
e
a proxy for D
. Starting from D
= I, we iteratively
solve (10) with its Lyapunov equation replaced by
e −1/2 (D−X)D
e −1/2 . (11)
P−(T− n1 11T )TP (T− n1 11T ) = D
The solution D from every iteration is then employed, by
e := D, to form D
e −1/2 for the next iteration.
setting D
−1/2
e
e −1/2 rather than
The reason for using D
(D − X)D
−1
e
D (D − X) in (11) is that, when the entries of X are
not purely binary, the latter matrix may fail to be symmetric
whereas the former is symmetric by construction. Finally, if
the iterations converge and X is binary, then (11) and the
Lyapunov equation in (9) are identical. We demonstrate an
application of this method in Example 3 of Sec. IV.
IV. E XAMPLES
In this section we illustrate the utility of problem (10)
through some examples. For all computations we use CVX,
a package for specifying and solving convex programs [27],
[28]. We use Cytoscape to plot all network graphs.
Example 1: 5-Node Network
We begin with a simple 5-node network described by
2

1
0
0
0
3
3
 2 3−1 1
0
0
5 5 6 6



1 1 1
1
1−
−
0
T = 0
(12)
.
5
5 7 7

1
3 1
2
0

0
8
5−8
5
1
2
0
0
0
3
3
Here, nodes 1, 2 have strong interaction between them, as
do nodes 4, 5, whereas the interaction between node 3 and
either pair is relatively weaker. Furthermore, node 3 is more
strongly coupled with nodes 1, 2 than it is with nodes 4, 5.
Solving (10) for m = 2 yields the exact X matrix given
in (6), which identifies the optimal two clusters {1, 2, 3}
and {4, 5}. Fig. 1 (left) shows a color plot of X; we adopt
this pictorial representation of matrices hereafter.

P  0, D = diag(X1), X  KK T
X ◦ I = I, X ∈ [0, 1]n×n
K1m = 1n , K ∈ [0, 1]n×m .
(10)
Using the Schur complement, the inequality constraint X 

Solving (10) for m = 3 yields the X matrix shown
in Fig. 1 (right), which identifies the optimal three clusters
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{1, 2}, {3}, and {4, 5}, as expected. In this case we also
observe that some entries of X slightly deviate from purely
binary values.

1

2

34

33

3

32

4

31

5

30

6

29

7

28

8

27

9

26

10

25

11

Fig. 1: Community detection for 5-node network described by (12).

24

12

Left: X matrix resulting from (10) for m = 2. Right: X matrix
resulting from (10) for m = 3.

23
13

22
14

Example 2: Zachary’s Karate Club

21
15

20
16

We consider the well-known 34-node karate club
network [29] in Fig. 2 (top). This network describes a
real-life university-based karate club whose evolution
was documented for three years, and in which nodes 1
and 34 respectively represent the club’s instructor and its
president. Due to a dispute over lesson prices, the group
separated into two clubs centered around the instructor
and the president. Thus, for this particular example
there exists a de facto partitioning of the network with
which we can compare the result of our clustering algorithm.

17

19

18

We use the weighted adjacency matrix A given in [29] to
obtain T from1
T := S −1 (A + 5I),

S := diag((A + 5I)1).

The role of the diagonal matrix S is to normalize the rows
of A + 5I so that T 1 = 1. The rationale for adding 5I to
the zero-diagonal matrix A is as follows. Since almost all
nonzero entries of A in [29] have values between 1 and 5,
by adding 5I to A we insure that at every time instant each
agent will update its belief by giving at least as much value
to its own belief as it gives to anyone else’s.

21

1 Zachary’s paper [29] contains inconsistencies in the network’s adjacency
matrix, in particular A(23, 34) = 0 and A(34, 23) 6= 0, rendering A 6=
AT. Since in much of the network science literature it is assumed that there
exists a link between nodes 23 and 34, we make the same assumption here.

16
19

22

Solving (10) for m = 2 yields the X matrix shown in
Fig. 2 (center), which identifies the optimal two clusters
demonstrated in Fig. 2 (bottom). All entries of X are binary.
Except for node 9, our clusters are in perfect agreement
with the actual splitting of the network reported in [29].
In [29] Zachary used a minimum cut analysis of the graph
to investigate whether he could have predicted the split;
the clustering that results from his analysis is identical to
that in Fig. 2 (bottom). Indeed, Zachary himself comments
on the anomaly of agent 9, and that at the time of the
dispute between agent 1 (the instructor) and agent 34 (the
president), agent 9 was just a few weeks away from his test
for black belt; aligning himself with the president would
have been tantamount to him giving up his rank and starting
out once again as a white belt after the splitting of the

23

31
33

18
7

30

2

11

9

32

4
6

34

15

20

1

17

27

14

29

24

3

5
8

12
13

10

28

26

25

Fig. 2: Community detection for Zachary’s karate club network
[29]. Top: Graphical representation of network. Center: X matrix
resulting from (10) for m = 2. Bottom: Graphical representation
of two clusters.

club [29]. Therefore, while agent 9 was a supporter of the
president, he chose to side with the instructor, a diplomatic
move not reflected in the adjacency matrix A.
Finally, since in many practical scenarios information
about the values of link weights is not available, we repeat
the community detection exercise assuming only knowledge
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of the standard (unweighted) adjacency matrix. We let
T := S

−1

2

3

62

1

61

60
59

4

58

5

57

6

(A + I),

S := diag((A + I)1).

56

7

55

8

54

9

By adding I to A we insure that at every time instant each
agent updates its belief by taking an unweighted average of
its own belief and the beliefs of those it interacts with.

53

10

52

11

51

12

50

13

Solving (10) for m = 2 yields the same clustering as in
Fig. 2 (bottom). However, row/column 9 of X in this case
incurs a small deviation from purely binary values.

49

14

48

15

16

47

17

46

Example 3: Dolphin Social Network

45

18

We consider the 62-node dolphin social network [30]–[32]
in Fig. 3 (top). This network describes a social network of
frequent associations between 62 dolphins in a community
living off Doubtful Sound, New Zealand. We employ the
procedure described in the preceding example to find the
evolution matrix T from the adjacency matrix A, namely2

44

19
43

20
42

21
41

22
40

23
39

24
38

25
37

26
36

27
35

28

T := S

−1

29

(A + I),

30

S := diag((A + I)1).

31

32

34

33

Solving (10) iteratively for m = 2 and with its Lyapunov equation replaced by (11), as described in the remark
in Sec. III, yields the X matrix shown in Fig. 2 (center),
which identifies the optimal two clusters demonstrated in
Fig. 2 (bottom). The algorithm converges in five iterations
and all entries of X are binary. We note that if we just
solve (10) as we did in previous examples (i.e., without
iterations and change of its Lyapunov equation) then some
rows/columns of X incur deviations from binary values;
furthermore, nodes 43, 48 will belong to the complementary
cluster, resulting in an objective value trace(P ) that is larger
than that corresponding to the clustering in Fig. 2 (bottom).
V. C ONCLUSIONS & F UTURE D IRECTIONS
We use a consensus- and optimization-based framework
to detect communities in networks of dynamical agents. We
consider networks whose temporal dynamics are governed
by the DeGroot model. We propose an optimization problem
that seeks clusters of nodes capable of achieving efficient
consensus internally. Given that our proposed detection
algorithm allows for weighted and directed graphs, accounts
for the network’s temporal dynamics, and finds clusters
optimally based on their ability to reach consensus, it is
expected that it will perform better than existing methods in
applications where consensus behavior is of primary concern.
There are multiple directions for future research. We
would like to gain an understanding of the scenarios in
which the matrix X resulting from (10) is binary. It is of
interest to investigate the classes of networks for which
other clustering algorithms yield communities similar to
those given by the algorithm presented here, and also
classes of networks for which the obtained communities
are very different. Application of the developed clustering
2 References [30]–[32] refer to the dolphins by their names. Here, we
follow Mark Newman’s labeling of the dolphins with numbers. The correspondence between dolphin names and their numbers can be found at
http://www-personal.umich.edu/∼mejn/netdata/ with the caveat
that node η in Newman’s labeling corresponds to node η + 1 in this paper
(Newman labels nodes starting from 0 whereas here we start from 1).
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9
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31
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48
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52
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8

49
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29
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18

28

40

37

21
41

30

36

23

26
38

20

61
6

57

11
12

5

Fig. 3: Community detection for the dolphin social network [30]–
[32]. Top: Graphical representation of network. Center: X matrix
resulting from iteratively solving (10)-(11) for m = 2. Bottom:
Graphical representation of two clusters.

algorithm to the partitioning of power networks is an area
of immediate appeal. Another direction for future work
is to explore the effect of time scales on the detection of
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communities. To account for different time scales, one can
replace the matrix T − n1 11T with τ (T − n1 11T ) in the
Lyapunov equation; by manipulating the positive scalar τ ,
and thus rescaling the spectrum of T − n1 11T , one can
vary the speed of convergence to consensus both within the
clusters and across the network.
Accounting for temporal dynamics at the nodes and finding clusters based on their collaborative performance comes
at a cost; namely, our SDP-based community detection
algorithm is more computationally intensive than, and does
not scale nearly as well as, some of the best methods reported
in the literature, e.g. Blondel et al. A first step toward
improving computational efficiency is the development of
customized methods to replace off-the-shelf SDP solvers. In
the long term, however, it is desired to find other measures
of consensus-reaching efficiency that are more amenable to
large-scale optimization.
A PPENDIX
Derivation of (4)-(5): Let ei denote the ith standard basis
vector in Rn , and let x(0) = ei . This can be interpreted as
a network in which all nodes have zero initial value except
for the ith node, whose value is equal to one. From (1) it
follows that the propagation of this initial value through the
network is described by x(t) = T t ei , and
x(t)T Q x(t) = eTi T tT Q T t ei
= eTi (T − n1 11T )tT Q (T − n1 11T )t ei
measures quadratic deviation from average consensus at time
t; here we have used Q 1 = 0 and T 1 = 1 to replace T t
with (T − n1 11T )t . Summing over t, i, and defining
Pn P∞
J := i=1 t=0 eTi (T − n1 11T )tT Q (T − n1 11T )t ei
as a cumulative measure of consensus-reaching efficiency, it
is easy to show that J = trace(P ), where P is a positive
semidefinite matrix that satisfies the Lyapunov equation
P = (T − n1 11T )T P (T − n1 11T ) + Q.
Note that the initial conditions x(0) need not be restricted
to varying only over {ei }ni=1 ; indeed, any complete set of
orthonormal vectors {ϕi }ni=1 would give the same result.
Finally, the reason for subtracting n1 11T from T is to
eliminate the eigenvalue λ = 1 of T and render the spectrum
of T − n1 11T inside the open unit disk, thus guaranteeing
that (5) has a well-defined solution P  0.
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for facilitation of consensus in social networks,” in Proceedings of the
2014 American Control Conference, 2014, pp. 3790–3795.
[27] M. Grant and S. Boyd, “CVX: Matlab software for disciplined convex
programming, version 2.0 beta,” http://cvxr.com/cvx/, 2013.
[28] ——, “Graph implementations for nonsmooth convex programs,” in
Recent Advances in Learning and Control, ser. Lecture Notes in Control and Information Sciences, V. Blondel, S. Boyd, and H. Kimura,
Eds. Springer-Verlag Limited, 2008, pp. 95–110.
[29] W. W. Zachary, “An information flow model for conflict and fission
in small groups,” Journal of Anthropological Research, vol. 33, pp.
452–473, 1977.
[30] D. Lusseau, K. Schneider, O. J. Boisseau, P. Haase, E. Slooten, and
S. M. Dawson, “The bottlenose dolphin community of doubtful sound
features a large proportion of long-Lasting associations,” Behavioral
Ecology and Sociobiology, vol. 54, pp. 396–405, 2003.
[31] D. Lusseau, “The emergent properties of a dolphin social network,”
Proceedings of the Royal Society of London B (Suppl.), vol. 270, pp.
S186–S188, 2003.
[32] ——, “Evidence for social role in a dolphin social network,”
http://arxiv.org/abs/q-bio/0607048, 2006.

1582

