
4118 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 61, NO. 9, NOVEMBER 2012

On Routing and Channel Selection in
Cognitive Radio Mesh Networks

Brendan Mumey, Member, IEEE, Jian Tang, Member, IEEE, Ivan R. Judson, and David Stevens

Abstract—Secondary users in a cognitive radio mesh network
may select from a set of available channels, provided that they
do not disrupt communications among primary users. This ability
can improve the overall network performance but introduces the
question of how to best use the channels. This paper first considers
the problem of selecting the channels to use given a routing path
such that the end-to-end throughput along the path is maximized.
We show that a dynamic programming-based approach can op-
timally solve the problem and, if the path satisfies a natural
condition, in time, be linear in the length (hop count) of the
path. In addition, the algorithm can easily be implemented in a
distributed fashion. We also examine the harder joint problem of
finding the best routing path and channel selection that maximizes
the end-to-end throughput. We prove that obtaining a (2/3 + ε)
approximation to the joint problem is NP-hard. We then present
a heuristic algorithm for the joint problem and a second heuristic
channel-aware routing-only algorithm. Numerical results are pro-
vided to demonstrate the effectiveness of the methods on several
experimental scenarios.

Index Terms—Channel selection (CS), cognitive radios, interfer-
ence, routing, wireless mesh networks (WMNs).

I. INTRODUCTION

W IRELESS mesh networks (WMNs) are considered to be
an economical method of providing robust high-speed

backbone infrastructure and broadband Internet access in large
areas [1]. Mesh topology offers the advantages of alternative
route selection to ensure throughput and quality-of-service
(QoS) requirements under dynamic load conditions. Because
the aggregate traffic volume can be substantial on backbone
links converging on gateways and mesh routers, considerations
of transmission path routing and how to select channels along
the path are essential to ensure that a WMN can meet the
QoS and throughput requirements of end-users’ applications,
particularly real-time multimedia applications. Furthermore,
range considerations and propagation characteristics demand
careful attention to interference. Cognitive radios are desirable
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Fig. 1. Example CS problem. In this example, we assume that the channel
availability is as shown and that each channel has a capacity of 1. We further
assume that two link pairs (ei, j) and (ek, j) interfere if and only if |i−
k| ≤ 2. The solid circles indicate an optimal CS for the path. Based on the
interference and duplexing constraints, all but two of the selected link pair
participate in cliques of size 3 (and, therefore, provide a capacity of 1/3),
and (e1, 1) and (e6, 1) have a max clique size of 2 (and, therefore, provide
a capacity of 1/2). Thus, the end-to-end capacity of the path is 2/3.

for a WMN in which a large volume of traffic is expected to be
delivered, because they can more efficiently utilize the available
spectrum than conventional static channel assignment meth-
ods and, therefore, significantly improve network capacity [2].
However, they introduce additional complexities to resource
allocation. With cognitive radios, each node can access a set
of available spectrum bands that may span a wide range of
frequencies. Each spectrum band may be divided into channels,
and the channel bandwidths may vary from band to band.
Different channels may support quite different transmission
ranges and data rates, both of which have a significant impact
on resource allocation and interference effects. Each network
link has some subset of channels available due to the activities
of primary users and other traffic in the network.

In this paper, we study the following two hard resource
allocation problems in cognitive radio mesh networks: 1) the
channel selection (CS) problem, which is to choose a set of
available channels on each link in a given routing path to
maximize the end-to-end throughput of the path, and 2) the
joint routing and channel selection (JRCS) problem, where the
routing path is not provided as part of the input and must be
found along with a CS for each link on the path (see Fig. 1 for
an example of the CS problem). We use a general and accurate
approach to estimate the end-to-end throughput of a path, based
solely on how the selected channels interfere with each other
that is independent of any specific scheduling approach and in
which channel capacities and availabilities are link specific. Our
objective is to design efficient approaches to support emerging
wireless applications that demand long-standing connections
and high end-to-end throughput, such as real-time streaming
video or bulk data transfer.

This paper is different from some previous works on schedul-
ing and spectrum allocation (e.g., [23]) that mainly dealt with
the problem of scheduling and allocating channels to links to
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maximize the link-layer throughput. Here, we focus on the
end-to-end performance and consider the problem of allocating
channels along a multihop routing path, which is a much harder
problem due to the constraints related to intraflow interference
[28] (links on a common path interfere with each other if
assigned the same channels) and because, in general, there are
an exponential number of potential paths in a mesh network
that connect a pair of nodes and an exponential number of ways
of assigning channels along a path. In addition, the algorithms
that were proposed for traditional WMNs with homogeneous
channels [3], [14], [22] cannot be applied to solve our problems
here, which target at a large number of heterogeneous channels
that can support different data rates and transmission ranges.
In short, routing and CS in cognitive radio mesh networks are
very challenging problems. Most existing works [6], [10], [13],
[15], [18]–[21] on this topic presented heuristic algorithms that
cannot provide any performance guarantees. In this paper, we
study the CS problem and the JRCS problem from a theoretical
perspective and aim at developing theoretically well-founded
and practically useful algorithms to solve them. Our major
contributions are summarized as follows.

1) We present a new characterization of optimal CS solu-
tions, which leads to an efficient dynamic programming
algorithm that can optimally solve the CS problem and,
if the path satisfies certain natural self-avoiding criteria
(which are defined in Section III), is in time linear in the
length (hop count) of the path. In addition, the algorithm
can easily be implemented in a distributed fashion, and an
optimal solution can be computed in a single pass by the
nodes along the path with only local information sharing.

2) We also examine the much harder problem of JRCS, for
which the routing path is not provided and must jointly
be found along the selection of channels to use along
the path. The objective is, again, to maximize the end-to-
end path throughput.We show that obtaining a (2/3 + ε)
approximation to the JRCS problem is NP-hard for any
ε > 0, which places the JRCS problem in the complexity
class of APX-hard. Despite the theoretical hardness, we
present a heuristic algorithm to solve the joint problem
and a channel-aware routing-only algorithm that can be
combined with the aforementioned optimal CS algorithm.

3) Extensive simulation results show that the proposed joint
algorithm outperforms several other methods that first
compute a routing path and then determine the CS for
that path.

The rest of this paper is organized as follows. We discuss
related work in Section II. We formally define the problems to
be studied in Section III and examine the computational com-
plexity in Section VI. Then, we present an optimal algorithm
for the CS problem in Section IV and some heuristic algorithms
for the JRCS problem in Section V. We present the numerical
results in Section VII and conclude this paper in Section VIII.

II. RELATED WORK

Cognitive radio networks (CRNs) have recently received
extensive attention. Spectrum allocation and access are the
most important problems in such networks. There is a large

body of work on the link-level optimization of CRNs through
CS and scheduling. In [29], the concept of a time-spectrum
block was introduced to model spectrum reservation, and a
centralized and a distributed protocol were presented to allocate
such blocks for cognitive radio users. Tang et al. introduced
a graph model to characterize the impact of interference and
proposed joint scheduling and spectrum allocation algorithms
for fair spectrum sharing based on it in [23]. In [15], a linear-
programming-based approach is presented for link scheduling
and channel assignment.

Routing and CS have been studied for CRNs. In [27], a
novel layered graph was proposed to model spectrum access
opportunities and was used to develop joint spectrum allocation
and routing algorithms. In [26], the authors presented dis-
tributed algorithms for joint spectrum allocation, power control,
routing, and congestion control. A mixed-integer nonlinear-
programming-based algorithm was presented to solve a joint
spectrum allocation, scheduling, and routing problem in [11].
A distributed algorithm was presented in [21] to solve a joint
power control, scheduling, and routing problem, with the ob-
jective of maximizing data rates for a set of communication
sessions.

Spectrum-aware mesh routing (SAMER) [18] is a routing
protocol that accounts for long- and short-term spectral avail-
ability and seeks to utilize available time-spectrum blocks by
routing data traffic over paths with higher spectrum availability,
without ignoring instantaneous spectral conditions. Spectrum-
aware routing (SPEAR), which was presented in [20], aimed
at maximizing the throughput by combining end-to-end opti-
mization with the flexibility of link-based approaches to address
spectrum heterogeneity. In [10], Hincapie et al. proposed a
novel distributed routing protocol that can select a route and
allocate channels and timeslots for a connection request to
satisfy its end-to-end bandwidth requirement. The proposed
protocol is based on dynamic source routing and selects time-
spectrum blocks for links using a novel metric to obtain high-
capacity and low-interference blocks for links during the route
discovery procedure. In [16], Mumey et al. considered the
problem of finding a transmission schedule and a CS solution
for a given path and presented a constant factor approximation
algorithm based on graph coloring.

The related problem of flow assignment (in which the com-
munication request can simultaneously be routed along mul-
tiple paths) has also been well studied for CRNs. In [24], a
polynomial-time approximation scheme is presented for a more
general maximum multiflow scheduling problem (maximize the
total flow of a set of commodities with no specific routing path),
and several constant-factor approximations are given for special
cases. This paper also points out some errors in previous work
on that problem. In [19], a joint problem of channel capacity
assignment and flow assignment is considered and modeled as
a convex nonlinear optimization problem, and several heuristic
methods are proposed. An interference- and congestion-aware
routing protocol is proposed in [6] for a hybrid wireless archi-
tecture in which some link channels are fixed, and some may be
chosen.

In addition, routing and CS have been studied in the context
of traditional WMNs with homogeneous channels [3], [14],
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[22]. A constant-bound approximation algorithm was proposed
in [3] to jointly compute channel assignment, routing, and
scheduling solutions for fair rate allocation. In [14], a similar
problem is studied, and derived upper bounds on the achievable
throughput are derived using a fast primal-dual algorithm.
In [22], Tang et al. proposed an interference-aware channel
assignment algorithm along with an optimal routing scheme for
end-to-end bandwidth guarantees. Khalife et al. [13] proposed a
routing approach based on the probabilistic estimate of channel
availability on network links. Recently, Almasaeid et al. [4]
have developed an optimal dynamic programming algorithm
for a channel assignment and routing problem that minimizes
end-to-end packet delay but does not consider interference.

The differences between this paper and these related works
are summarized as follows. First, in both of our problems,
the objective is to maximize the end-to-end throughput, which
is different from works that address link-layer (single-hop)
throughput, such as [23] and [29]. Second, we obtain an optimal
algorithm for the CS problem that runs in time linear in the
length of the given routing path, provided that the path satisfies
a natural condition. To the best of our knowledge, this is the
first polynomial-time algorithm that obtains an optimal solution
to this problem. Many related works (such as [6], [10], [11],
[13], [15], [18]–[21], [26], and [27]) only presented heuristic
algorithms that cannot provide any performance guarantees.
Third, our optimization problems are different from those stud-
ied in [10], [11], [16], [18], [20], [21], [26], and [27]. Fourth, as
aforementioned, the algorithms proposed for traditional WMNs
with homogeneous channels [3], [14], [22] cannot be applied
to solve our problems here due to channel heterogeneity. Last,
this paper is the first to establish a bound on the complexity of
the JRCS problem. We show that it is NP-hard to approximate
to within a factor (2/3 + ε) and provide effective heuristic
algorithms to solve it.

III. PROBLEM DEFINITIONS

We consider a wireless mesh backbone network G = (V,E)
with static mesh routers, where V is the set of nodes, and
E is the set of available communications links between the
nodes. Each node is equipped with a cognitive radio. Similar
to [10], [11], and [27], a spectrum occupancy map is assumed
to be available to network nodes from a centrally maintained
spectrum database. This scenario has recently been promoted
by the Federal Communications Commission to indicate, over
time and space, the channel availabilities in the spectrum be-
low 900 MHz and around 3 GHz [7]. In this case, spectrum
(channel) availability between any given node pair is known.
We study the problem of determining the optimal route and
channel assignment for a communication session between two
nodes in the network. Spectrum sensing is out of scope of this
paper.

We define our assumptions about the parameters of the CRN.
Let m be the number of channels available in the network. In
general, each link e will have only a subset of these channels
available at any given time. This can be due to interference,
with the link distance being greater than the transmission range,
or because the channel is already in use on that link. We will

also assume that each available channel j on link e has an
associated bit rate be,j ≥ 0. This bit rate can depend on the
link distance and other factors such as interference from other
ongoing transmissions in the network. We assume that commu-
nication in the network is done using synchronized transmission
frames. Let Ae be the set of channels available to link e during
the current frame. We assume that channel availability can
be determined for the wireless region in question, e.g., by
consulting a television whitespace database, and Ae will not
change during the transmission frame (if channel availability
can change at arbitrary times, then some signaling mechanism
needs to be implemented in the protocol so that a new CS can
be recomputed for the transmission path).

We adopt the following simple interference model. We as-
sume that there is an interference distance Rj for each channel
j such that a link e = (u, v) interferes with another link e′ =
(u′, v′) on channel j if and only if |u− v′| ≤ Rj or |u′ − v| ≤
Rj . We will also consider that the nodes in question are half-
duplex, which means that nodes cannot simultaneously transmit
and receive. The duplexing and interference constraints impose
conditions on which link flows can be active at the same time.
We will summarize these conditions in a well-known conflict
graph, i.e., Gc = (Vc, Ec), where the vertices Vc are the link-
channel pairs (e, j), and the edges (undirected) indicate link-
channel pairs that cannot be simultaneously operational due to
interference or duplexing constraints.

Suppose that we have a routing path p from s to t and a set
of active channels Je ⊂ Ae has been chosen to be used for each
link e ∈ p. Let G〈Je〉

c,p be the conflict graph that is restricted to the
link-channel pairs of the form (e, j), where e ∈ p, and j ∈ Je.
Let te,j be the total amount of time allocated to the link-channel
pair (e, j) in the transmission frame (assumed to be of length 1).
Each clique C in G

〈Je〉
c,p imposes the constraint∑

(e,j)∈C
te,j ≤ 1. (1)

Let m〈Je〉
e,j be the size of the largest clique that contains (e, j) in

G
〈Je〉
c,p . We make a simplifying assumption that the scheduling

mechanism creates a uniform schedule such that

te,j = 1/m〈Je〉
e,j . (2)

Observe that each constraint of the form (1) is satisfied by (2).
We note that a uniform schedule may not be optimal, but we
adopt this assumption for algorithmic convenience and because
it may not be possible to alter the scheduling mechanism used
in a real network.

Let Gj
c,p be the subgraph of Gc,p that consists of the link-

channel pairs that use channel j.
Definition 1: We say that the routing path p is self-avoiding

if all of the subgraphs Gj
c,p are interval graphs such that the

intervals occur in order of p.
This condition means that the link pairs in p that involve

channel j can be placed in order on the real number line R such
that two link pairs (e, j) and (e′, j) conflict if and only if their
corresponding intervals overlap. Interval graphs have a useful
property that their cliques can easily be enumerated because a
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clique will be represented by a set of consecutive intervals that
all mutually overlap. In fact, all maximal cliques on an interval
graph with n vertices can be enumerated in O(n) time. We will
focus on self-avoiding routing paths in this paper, because it is
easy to find the maximal cliques in their interference graphs.

We define the end-to-end throughput τ of the path p and
selected active channels 〈Je〉e∈p as the minimum over all the
links e ∈ p of the effective throughput on link e. The effective
throughput of a link e is the sum of the bit rates on each active
channel times the amount of transmission time allocated to each
channel, i.e.,

τ (p, 〈Je〉) = min
e∈p

∑
j∈Je

be,j/m
〈Je〉
e,j . (3)

We note that this objective function assumes that a uniform
transmission schedule will be created so that (2) is satisfied
and interfering link-channel pairs are not scheduled at the same
time.

We can now formalize the two computational problems
considered as follows, and in addition to the source node s and
destination node t, we assume that the available channel sets Ae

and bit rates be,j are provided in the input.

CS. Given a routing path p from s to t, determine active
channels sets Je ⊂ Ae for all e ∈ p that maximize the end-
to-end throughput τ(p, 〈Je〉).

JRCS. Find a routing path p from s to t and active channels
sets Je ⊂ Ae for all e ∈ p that maximize the end-to-end
throughput τ(p, 〈Je〉).

IV. OPTIMAL CHANNEL SELECTION

In this section, we present an optimal algorithm for the
problem of choosing the best set of channels to use for a given
routing path (CS). Our proposed CS algorithm is based on
a dynamic programming approach in which the solutions to
partial problems are used to assemble a solution to the full
problem. To help motivate the algorithm, we provide a simple
example of CS in Fig. 1.

Let p = (v0, v1, . . . , vn) be the given routing path from the
source node s to the destination node t, where v0 = s, and vn =
t. Let ei = (vi−1, vi) be the ith link on the path (1 ≤ i ≤ n) and
let Ai be the set of available channels on ei. The objective is to
find active channel sets Ji ⊂ Ai for i = 1, . . . , n that maximize
the end-to-end throughput τ(p, 〈Ji〉). For 0 < i ≤ n, we define
Xi = {(ei, j)|j ∈ Ai} as the available link pairs that involve
ei. For 0 ≤ l ≤ n, let pl = (v0, v1, . . . , vl) be the subpath that
consists of the first l links of p. For 0 < l < n, we define the
bridging set as

Bl={(ei, j), (ei′ , j ′)|i< l, i′> l, ((ei, j), (ei′ , j
′))∈Gc,p}. (4)

We also let B0 = X1, i.e., the set of available link-channel pairs
for the first link e1 in the path. Observe that Xl+1 ⊂ Bl for
all 0 ≤ l < n due to the half-duplex constraint at each node.
For 0 ≤ l < n, let 〈Ji〉li=1 be a CS for the subpath pl, and let
B ⊂ Bl.

Definition 2: We say that 〈Ji〉li=1 is B-compatible, written
〈Ji〉li=1 ∼ B, if, for all 1 ≤ i ≤ l, (ei, j) ∈ B ⇒ j ∈ Ji and
(ei, j) ∈ Bl \B ⇒ j /∈ Ji.1

Suppose that 〈Ji〉li=1 ∼ B. We are interested in calculating
the throughput of this channel assignment for the partial path pl.
Because B may contain link-channel pairs from further along in
p, we will include these pairs in the calculation, because these
pairs may affect clique sizes. We will refer to this throughput as
τB(pl, 〈Ji〉). Next, let

〈J l,B
i 〉li=1 = argmax

〈Ji〉li=1
∼B

τB (pl, 〈Ji〉)

be a CS for the subpath pl that is B-compatible and has the
maximum end-to-end throughput along the subpath pl. The
main idea of the algorithm is that 〈J l,B

i 〉 can be computed by
dynamic programming. In particular, suppose that 〈J l,B

i 〉 are
known for all B ⊂ Bl, for some 0 ≤ l < n− 1. We will use
these CSs to compute the 〈J l+1,B′

i 〉 for all B′ ⊂ Bl+1. Let
B′ ⊂ Bl+1 and suppose that 〈J l+1,B′

i 〉l+1
i=1 be an optimal CS

for the subpath pl+1 that is compatible with B′. We define

Bprev
l+1 =Bl+1 ∩Bl (5)

Bnew
l+1 =Bl+1 \Bl. (6)

Note that Bl+1 = Bnew
l+1 ∪Bprev

l+1 . Let

B =

(
l+1⋃
i=1

J l+1,B′

i ∪B′

)
∩Bl.

We observe that B ⊂ Bl and B agrees with B′ on Bprev
l+1 (which

means that B ∩Bprev
l+1 = B′ ∩Bprev

l+1 ). Thus

τB
′
(
pl,

〈
J l+1,B′

i

〉l

i=1

)
= τB

(
pl,

〈
J l+1,B′

i

〉l

i=1

)

≤ τB
(
pl,

〈
J l,B
i

〉l

i=1

)
(7)

because the throughput on all of the links in the subpath pl is

unchanged. We use the notation, m〈Jl+1,B′ 〉,B′

el+1,j
, to refer to the

size of the largest clique that contains (el+1, j) present among
the link-channel pairs from 〈J l+1,B′〉 and B′ together. Let

〈Jopt〉 = 〈J l,B〉, J l+1,B′

l+1

Be the channel assignments given by 〈J l,B〉 for the subpath pl
and by J l+1,B′

l+1 for link el+1. A key observation is that

m
〈Jl+1,B′ 〉,B′

el+1,j
=m

〈Jopt〉,B′

el+1,j
for any (el+1, j)∈J l+1,B′

l+1 , because

1We use the set-difference notation, A \B = A ∩ B̄.



4122 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 61, NO. 9, NOVEMBER 2012

both Bi and Bi+1 will contain any link-channel pairs from pl+1

that conflict with it. We have

τB
′
(
pl+1, 〈J l+1,B′〉

)
= min

(
τB

(
pl, 〈J l+1,B′〉li=1

)

∑
j∈Jl+1,B′

l+1

bel+1,j/m
〈Jl+1,B′ 〉,B′

el+1,j

)

≤min

(
τB

(
pl, 〈J l,B〉li=1

)
∑

j∈Jl+1,B′
l+1

bel+1,j/m
〈Jopt〉,B′

el+1,j

)

= τB
′(pl+1,〈Jopt〉). (8)

Because 〈J l+1,B′〉 was assumed optimal, we must have equal-
ity in (8), and therefore, we can take

〈J l+1,B′〉 = 〈Jopt〉. (9)

Equation (8) shows that the optimal CS for pl+1 and B′ can be
expressed in terms of an optimal CS for pl and B, a smaller
problem. This means that we can use dynamic programming
to compute 〈J l+1,B′〉. Algorithm 1 uses this approach. The
idea is to take each 〈J l,B〉 found for pl and extend to chan-
nel assignment for pl+1 for all B′ ⊂ Bl+1 such that B and
B′ agree on Bprev

l+1 . Because B fixes which link pairs from
Bprev

l+1 are included in B′, we can simply enumerate all subsets
B′′ ⊂ Bnew

l+1 , and for each, we form B′ = (B ∩Bprev
l+1 ) ∪B′′.

In addition, because Xi+1 ⊂ Bi, we also let B determine all
channel assignments for link el+1, i.e.,

〈J test〉 = 〈J l,B〉, (B ∩Xi+1). (10)

We then evaluate τB
′
(pl+1, 〈J test〉) to see if J test provides

better channel assignment for pn+1 that is compatible with B′,
and if yes, we keep it. This evaluation is done similar to (8), i.e.,

τB
′ (
pl+1, 〈J test〉

)
= min

(
τB

(
pl, 〈J l,B〉li=1

)
∑

j∈B∩Xi+1

bel+1,j/m
〈Jtest〉,B′

el+1,j

)
. (11)

To evaluate (11), we need to calculate the second min term,
because the first min term is already known. This approach is
done by determining the largest clique that (el+1, j) participates
among link-channel pairs from 〈J test〉, B′. If we make the
assumption that the routing path p is self-avoiding, then any
clique in involving (el+1, j) is either a consecutive list of link-
channel pairs in Gj

c,p (which all mutually overlap in the interval
graph representation) or a clique that involves (el+1, j) and a
link-channel pair from Xl, Xl+2, or both, using a channel other
than j. Let Δ be the maximum degree of any node in any of
the Gj

c,p, and suppose that at most mp channels are available
on any link in p. All of the clique possibilities can be checked

in O(Δmp) time, and therefore, this is the time required to
evaluate (11). We can now state the entire DP-ChannelSelect
algorithm as follows.

Algorithm 1: DP-ChannelSelect.

INPUT: A self-avoiding path p = (v0, v1, . . . vn) from s
to t.

Step 1 for l = 0 to n− 1
Compute Bl, Bprev

l , and Bnew
l using (4), (5)

and (6).
endfor

Step 2 for l = 1 to n− 1
forall B ⊂ Bl

forall B′′ ⊂ Bnew
l+1

Construct B′ = (B ∩Bprev
l+1 ) ∪B′′ and

〈J test〉 using (10).
Calculate τ test = τB

′
(pl+1, 〈J test〉)

using (11).
if τ test > τB

′
(pl+1, 〈J l+1,B′〉)

set 〈J l+1,B′〉 = 〈J test〉
endif

endforall
endforall

endfor
Step 3 Compute

B∗ = argmaxB⊂Bn−1
τB(pn−1, 〈Jn−1,B〉, B ∩Xn)

Step 4 return 〈Jn−1,B∗〉, B∗ ∩Xn

Next, we analyze the time complexity of Algorithm 1. The
running time is dominated by step 2, which must examine every
subset of Bnew

l+1 for every subset of Bl for l = 1, . . . , n− 1.
The number of subset combinations examined for each l is
2|Bl||Bnew

l+1
|. If p is self-avoiding, then for any l, Bl will comprise

consecutive lists of link-channel pairs in Gj
c,p for each channel

j. For each j, the list will be at most Δ+ 1 in length, because
every other link-channel pair in the list will conflict with the
(el′ , j) in the list with maximum l′ ≤ l. Let mp be the total
number of channels available along p. There can be at most
mp(Δ + 1) link-channel pairs in Bl. Because Bnew

l+1 ⊂ Bl+1,
the same bound applies to it. Thus, the number of subset com-
binations examined is at most 2m2

p(Δ+1)2 . The time required
for evaluating each subset combination is O(Δmp) time, as
stated previously. This implies that the overall running time of
the algorithm is O(2m2

p(Δ+1)2Δmpn) time, provided that the
input routing path is self-avoiding. In practice, the running time
can be much faster, because typically, each Bl will be smaller
than mp(Δ + 1) in size, and Bnew

l+1 will still be smaller. We
remark that this bound places CS in the class of fixed-parameter
tractable problems [8], where the parameters are Δ and mp.
The aforementioned discussion leads to the following result.

Theorem 1: Algorithm 1 computes an optimal end-to-end
channel assignment in O(2m2

p(Δ+1)2Δmpn) time, where p
is a self-avoiding routing path of length n, mp is the max-
imum number of available channels in any link in p, and
Δ is the maximum degree of any node in the path conflict
graph Gc,p.
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We observe that the effectiveness of Algorithm 1 heavily de-
pends on the parameters mp and Δ. Provided that these values
are not very large, the algorithm quickly runs in practice; most
of the optimal CSs found in our experiments were computed in
a few seconds on a laptop computer. However, the performance
of the algorithm will degrade and perhaps become impractical
if these parameters are very large. We observe that Algorithm 1
can be implemented in a distributed fashion and carried out
by the nodes themselves along the routing path p, because
the algorithm makes a single pass over the length of p, and
the sets of intermediate path/channel assignments computed
at each node along the path depend only on those from the
previous node and relatively local interference information (as
determined by the Bl sets).

V. CHANNEL-AWARE ROUTING

In this section, we present two heuristic algorithms for
JRCS.

A. Path Extension Algorithm

The first proposed algorithm is based on the idea of si-
multaneously finding good path/channel assignments from the
source node s to all other nodes in the network, including the
destination node t. The approach is similar to the Bellman–Ford
shortest path algorithm, because new path/channel assignments
are generated by “relaxing” all the links in the network in
a series of phases that continues until no better paths are
discovered. Each node u �= s will store a list Pu of path/channel
assignments of the form (pu, 〈Je〉e∈pu

), where pu is a path
from s to u. When the link (u, v) is relaxed, the current
path/channel assignments stored at u will be augmented by the
link (u, v); for each subset J ′ ⊂ A(u,v), we will create a new
path/channel assignment (p′v, 〈Je, J ′〉), where p′v is the path pu,
followed by the link (u, v). To limit the search, each node keeps
a maximum of d best path/channel assignments (we chose
d = 100). We also note that it is only necessary to augment
path/channel assignments that were created in the previous
phase; we will refer to these path/channel assignments as new
in the algorithm. Clearly, a loop in a path can never improve
the end-to-end throughput of the path, and therefore, we restrict
attention to simple paths that never repeat a vertex. We also
require that the path is self-avoiding. The complete algorithm
is given in Algorithm 2. (Algorithm 3 is a subroutine used by
Algorithm 2.)

Algorithm 2: RCS-PathExtend.

INPUT: A connection request from s to t, G = (V,E).
Step 1 repeat

forall e ∈ E
Link-relax(e)

endforall
until no list Pu changes

Step 2 return argmax(p,〈J〉)∈Pt
τ(p, 〈J〉)

Algorithm 3: Link-Relax.

INPUT: A link e = (u, v).
forall new (pu, 〈Je〉e∈pu

) ∈ Pu

Let pv = pu + (u, v)
if pv is a simple self-avoiding path

forall J(u,v) ⊂ A(u,v)

Construct 〈J ′〉 = 〈Je, J(u,v)〉
Compute τ ′ = τ(pv, 〈J ′〉)
if (|Pv| < d or τ ′ > min(p,〈J〉)∈Pv

τ(p, 〈J〉))
Insert (pv, 〈J ′〉) into Pv

if |Pv| > d
remove argmin(p,〈J〉)∈Pv

τ(p, 〈J〉) from Pv

endif
endif

endforall
endif

endforall

B. Bottleneck Routing

The second approach attempts to find a single path whose
links all have a high useful capacity. We make this precise
as follows. We define the link capacity c(e) of a link e as
c(e) =

∑
j∈Ae

be,j . The link capacity provides an upper bound
on the bit flow rate achievable by link e, ignoring intrapath
interference. In addition to link capacity, we also take into
account how close the link e = (u, v) to the source s and
destination t is.

For each link e = (u, v), we define the source–destination
distance as d(e) = ‖u− s‖+ ‖u− t‖+ ‖v − s‖+ ‖v − t‖.
Let dmax = maxe∈E d(e) and dmin = mine∈E d(e) be the
maximum and minimum source–destination distances, respec-
tively. For a heuristic additional weighting factor on the link
capacity to better estimate the usefulness of a link e for an s-t
path, we define

u(e) =

(
1 +

dmax − d(e)

dmax − dmin

)
c(e). (12)

Note that 1 ≤ u(e) ≤ 2, with u(e) = 1 when d(e) = dmax and
u(e) = 2 when d(e) = dmin. Let the useful bottleneck capacity
of a path p be defined as

c(p) = min
e∈p

u(e).

Our goal is to find a path p that maximizes c(p). This is a well-
known problem that can efficiently be solved by computing
a minimum spanning tree T on the network graph using a
link weight function w(e) = −u(e). The unique path in T
from s to t will have maximum useful bottleneck capacity. We
call this the bottleneck route. It can easily be computed using
Algorithm 4. Once the bottleneck route has been found, an
optimal channel section for the route can be computed using
Algorithm 1.
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Fig. 2. Layout of the JRCS instance that corresponds to an instance of exact
cover.

Algorithm 4: Bottleneck-Route.

INPUT: A connection request from s to t, G = (V,E).
Step 1 Assign edge weights −u(e) to each link e = (u, v)

using (12).
Step 2 Compute a minimum weight spanning tree T .
Step 3 Compute the route p from s to t in T .
Step 4 return p.

VI. COMPUTATIONAL COMPLEXITY OF JOINT ROUTING

AND CHANNEL SELECTION

In this section, we show that the JRCS problem is NP-hard to
approximate to within a factor of 2/3 + ε for any ε > 0. This is
done through a reduction from the Exact Cover problem [9]. An
instance of this problem consists of a set U = {u1, . . . um} and
a collection of subsets of U , F = {S1, . . . Sn}. The problem is
to determine if there exists a subcollection F ′ ⊂ F such that,
for each uj ∈ U , there is a unique Si ∈ F ′ such that uj ∈ Si.
Fig. 2 provides a sketch of the network for which we show that
it is computationally difficult (NP-hard) to find the best routing
and CS. In each of the shaded subblocks in the figure, there
are several options for the path to go (as shown in Fig. 3).
Because of interference, the choice of paths (and channels)
in one subblock, the choices for the neighboring subblocks
directly above and below lead to the following theorem.

Theorem 3: The JRCS problem is NP-hard to approximate
to within a factor of 2/3 + ε for any ε > 0.

Proof: We can reduce an instance of the Exact Cover
problem to an instance of the JRCS problem as follows. The
JRCS instance will consist of a layout of n rows by m columns
of blocks Bi,j , as shown in Fig. 2 (the layout for odd n is shown;
for even n, the final path to t will go from right to left instead).
There are two basic types of blocks, depending on whether
uj ∈ Si and they can be oriented left to right or right to left
(see Fig. 3). The blocks in the first (last) row are modified by
removing the upper (lower) path in the construction diagram.
We also use a specific sequence of four links, called a C-chain,
which is also shown in the figure. We assume the following
interference structure: Two links that both use channels 1 or 2
will interfere with each other if there is at most one link that

Fig. 3. C-chain construction and block types, depending on whether uj ∈ Si.
Left-to-right versions are shown.

separates them on the selected path. The links (on channel 2)
of the bottom path of block Bi,j interfere with the links on
the top path of block Bi+1,j for i = 1, . . . n− 1. Links that use
channel 0 do not interfere with each other. A separate channel
cj is available for each j = 1, . . .m, and all links using channel
cj interfere with each other. Furthermore, we will assume that
be,j = 1 for all e and j. We claim that a solution to the Exact
Cover instance exists if and only if there exists a routing path p
from s to t in the JRCS instance with an end-to-end throughput
of 1/2. For links e with a single channel available j, this implies
that the size of the largest cliques to which the link-channel
pair (e, j) can belong is 2. We observe that this forces the
links with two channels available in each C-chain to select
only one channel; otherwise, the third link will belong to a
clique of size 3. This also requires that, if the selected path
traverses the bottom path of block Bi,j , then the path cannot
go through the top path of block Bi+1,j (otherwise, a clique
of size 4 is formed). To prevent this from happening, observe
that, in each column j, at least one path must use the center
path in the block that corresponds to uj ∈ Si. Furthermore, no
more than one center path can be used in column j, because
cj is used along each such path and the final portion of the
path to t. These links all mutually interfere, and the maximal
clique size cannot exceed 2. Finally, we observe that the channel
that is chosen for the second link of the first C-chain traversed
in the given row determines that this channel must be chosen
for all C-chains in the row. We also note that, if channel 2 is
chosen for the second link, then the fourth link must choose
channel 1; this means that the center path in any block in the
row cannot be entered, because this will create a clique of size
3 with the cj link in the block. Conversely, if channel 1 is
chosen for the second link in the first C-chain, then the fourth
link must use channel 2, and the center path must always be
chosen if a uj ∈ Si block is encountered (because taking the
top or bottom path creates a clique of size 3). It follows that
choosing channel 1 for the second link in the first C-chain
encountered in row i corresponds to adding Si to the cover
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TABLE I
MAXIMUM TRANSMISSION DISTANCES BY FREQUENCY AND DATA RATE

TABLE II
INTERFERENCE RANGES BY FREQUENCY

F ′ and choosing channel 2 corresponds to omitting Si from
F ′. Observe that each uj ∈ U must be covered (there are n
rows and only n− 1 top/bottom block paths; therefore, some
row must use center paths exactly once (if two center paths are
used for some column j, this creates a clique of size 3 on links
that use channel j). Hence, an end-to-end throughput of 1/2
is achievable if and only if an exact cover F ′ exists. The next
lowest potential end-to-end throughput for this JRCS instance
is 1/3 (at least one single-channel link is involved in a clique
of size 3). If an approximation algorithm for JRCS found a
solution at least 2/3 + ε of optimal, it would find a solution with
end-to-end throughput at least (2/3 + ε)1/2 > 1/3; therefore,
it would necessarily find the optimal solution and could be
used to solve exact cover. It follows that JRCS is NP-hard to
approximate to within a factor of 2/3 + ε. We remark that this
also places JRCS in the complexity class APX-hard. �

VII. NUMERICAL RESULTS

To test our algorithms for CS (see Algorithm 1) and JRCS
(see Algorithms 2 and 4), we assumed that three widely spaced
frequency bands were available for licensed and unlicensed
operations and that the link throughput for each channel was
the maximum available, given the link distance and frequency
used. The bands exhibit widely ranging propagation, transmis-
sion range, and usage characteristics, highlighting the potential
value of cognition in transmission scheduling. Tables I and II
summarize our assumptions about the transmission rates and
interference ranges of each frequency. The table values are
reflective of a combination of manufacturer data sheets and our
own experience in using these radios in the field. The values in
Table I are based on a scenario where each node transmits at
1 W with a 2-dBi antenna and where the receiving antenna
has a gain of 2 dBi. The channel bandwidth is 10 MHz, the
receiver noise figure is 5 dB, and implementation losses of 3 dB
are assumed for each link. The values in Table II are reflective
of the widely used rule of thumb that the interference range is
about a factor of two greater than the transmission range.

Path loss is calculated using line-of-sight and free-space
characteristics. Typical IEEE 802.16 adaptive modulation and
coding parameters performance parameters were used to es-
timate the throughput achievable as a function of the carrier-
to-noise ratio and were then translated into the allowable
path-loss threshold. The maximum channel transmission rate

is a function of distance and frequency (at lower frequency,
the maximum distance for a given transmission rate will be
greater). We assumed that each channel was available on each
link with independent probability 0.3, unless otherwise noted.
Primary users were placed at random locations and assigned
a random channel. This channel was then made unavailable to
any links of cognitive radios within the interference range of the
primary user. The number of primary users was set to be half
the number of channels.

We compared the routing paths found by Algorithms 2 and
4 with the shortest path routing (the edge weights in this case
were the physical link distances). As a benchmark, we also
implemented a simple greedy strategy for CS. The algorithm
sequentially selects channels for each link e in the given path
P based on the available channel sets {Ae}. We initialize
J1 = A1. For i = 2, . . . n, we use the following simple rule:

Ji =

{
Ai \ Ji−1, if Ai \ Ji−1 �= ∅
Ai, otherwise.

The idea of the algorithm is to select new channels, where
possible, on successive links in the routing path, but if that is
not possible, then all available channels are (greedily) chosen.
This leads to the following six routing and CS algorithm
combinations.

1) SP-Gdy: shortest path routing, followed by greedy CS;
2) SP-DPCS: shortest path routing, followed by the optimal

CS (see Algorithm 1);
3) Btl-Gdy: Bottleneck routing (see Algorithm 4), followed

by greedy CS;
4) Btl-DPCS: Bottleneck routing (see Algorithm 4), fol-

lowed by the optimal CS (see Algorithm 1);
5) RCS: JRCS (see Algorithm 2);
6) RCS-DPCS: RCS routing, followed by the optimal CS

(see Algorithm 1).

For all runs of the RCS algorithm, the parameter d that
controls the number of partial paths kept at each node was set
to 10.

We tested each of these methods on the following three
different simulation scenarios: 1) The number of available
channels in the network was varied; 2) the network region
size was varied with constant node density; and 3) the node
density was varied within a constant region size. For each
combination of parameters, 50 random network configuration
instances were created. The average throughput over these
instances was computed, and the results are shown in Figs. 4–6.

A. Scenario 1: Varying the Number of Channels Available

In this scenario, the number of channels available to sec-
ondary users was varied from 3 to 15, with a step size of 3
(equally chosen from each frequency band). Random problem
instances were generated for a 50 × 50 km2 network with 25
nodes. The average end-to-end transmission rate (throughput)
for all tested algorithms is reported. The results, as shown in
Fig. 4, indicate that an almost-linear improvement is gained
by adding additional channels to the network in terms of
additional throughput. The path and channel assignments found
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Fig. 4. Average path end-to-end throughput versus the number of available
channels.

Fig. 5. Average path end-to-end throughput versus network size. The node
density was held constant at 0.01 nodes/km2.

Fig. 6. Average path end-to-end throughput versus node density. The region
size was fixed to 50 × 50 km2.

by the best performing algorithm, i.e., RCS-DPCS, were, on
average, 52.2% better than those found by the worst performing
algorithm, Btl-Gdy. The RCS algorithm gave almost-identical
results to the RCS-DPCS algorithm and had a 27.6% improve-
ment over SP-Gdy on the average. On average, using DPCS for
CS provided a 28.0% improvement versus using the CS found
by Gdy.

B. Scenario 2: Varying the Region Size

In this scenario, the physical region size was increased,
but the node density was held constant. Random problem
instances were generated on a network with three channels per
frequency band and a constant density of 0.01 nodes/km2. The
average end-to-end transmission rate (throughput) for all tested
algorithms is reported. As the region size grows, paths tend
to get longer. The results, as shown in Fig. 5, indicate that
the RCS-DPCS and RCS algorithms continue to outperform
the other routing and channel assignment methods and that the
gap slightly increases as the region size increases. The average
throughput somewhat decreases as the size of the simulated
network increases. The slight staircase nature of the graph
suggests some interplay between the diminished transmission
capacity as distances increase versus potentially less intraflow
interference along the transmission path. The path and channel
assignments found by the best performing algorithm, RCS-
DPCS, were, on the average, 55.6% better than those found by
the worst performing algorithm, Btl-Gdy. The RCS algorithm
gave almost-identical results to the RCS-DPCS algorithm and
had a 26.6% improvement over SP-Gdy on the average. On the
average, using DPCS for CS provided a 29.9% improvement
versus using the CS found by Gdy.

C. Scenario 3: Varying the Node Density

In this scenario, the physical region size was held constant at
50 × 50 km2, and the number of nodes was increased. Again,
random problem instances were generated on a network with
three channels per frequency band. As the number of nodes
size grows, the node density increases, and the average number
of links with which a given link interferes on a given channel
increases. The effect is to increase the average vertex degree in
the conflict graph Gc. The results, as shown in Fig. 6, indicate
that, again, the RCS-DPCS and RCS algorithms outperform the
remaining approaches across the range of node densities con-
sidered. In going from nine nodes to 16 or 25 nodes, all of the
algorithms suffer a loss of throughput performance. This case
may be explained by increased interference that is not offset
by the additional transmission capacity offered by potentially
shorter links. We note that the relative performance gaps among
the algorithms increase as the number of nodes increase. The
path and channel assignments found by the best performing
algorithm, i.e., RCS-DPCS, were, on average, 58.4% better
than those found by the worst performing algorithm Btl-Gdy.
The RCS algorithm gave almost-identical results to the RCS-
DPCS algorithm and had a 31.5% improvement over SP-Gdy
on the average. On the average, using DPCS for CS provided a
32.7% improvement versus using the CS found by Gdy.

D. Scenario 4: Varying the Channel Availability Probability

In this scenario, the physical region size was held constant at
50 × 50 km2, and the number of nodes was set to 25, with three
channels per frequency band. The (independent) probability p
that each channel was available on a link was varied in the range
{0.1, 0.3, 0.5, 0.7, 0.9}. The results, as shown in Fig. 7, indicate
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Fig. 7. Average path end-to-end throughput versus channel availability
probability.

that, again, the RCS-DPCS and RCS algorithms outperform
the remaining approaches across the range of probabilities
considered. In going from p = 0.1 to p = 0.3, we note that
Btl-Gdy and SP-Gdy suffer some loss in average performance.
This is indicative that the Gdy CS strategy is suboptimal when
the channel availability is low. Interestingly, the SP-Gdy sub-
stantially improves when the channel availability probability
increases to p = 0.9. The path and channel assignments found
by the best performing algorithm, i.e., RCS-DPCS, were, on
average, 60.4% better than those found by the worst perform-
ing algorithm, i.e., Btl-Gdy. The RCS algorithm gave almost-
identical results to the RCS-DPCS algorithm and had a 26.2%
improvement over SP-Gdy on average. On the average, using
DPCS for CS provided a 30.4% improvement versus using the
CS found by Gdy.

We conducted a further experiment to measure the effect of
variable channel availability probability versus each channel
being available with the same probability p. In this case, we
compared each channel with availability probability p = 0.5
versus the three channels in each band being available, with
probabilities 0.25, 0.5, and 0.75, respectively. We note that
this change does not affect the expected number of available
channels per band. We found that, across all algorithms, there
was an average 11.9% performance gain in the asymmetric
scenario. One explanation for this result is that links are more
likely to have a channel that best suits their distance; the higher
frequencies are more suited to shorter distances, and the lower
frequencies are better for longer distances.

It is interesting to note that, in all four scenarios, in nearly all
cases, the RCS algorithm found an optimal CS for its computed
path. Only in about 2% of the test cases did RCS-DPCS provide
a slightly better CS. The RCS algorithm has the advantage of
being simple to implement and, with low-degree polynomial
time complexity, is fast in practice.

VIII. CONCLUSION

In this paper, we have examined two important problems
for maximizing the end-to-end throughput for communication
flows in CRNs. For the CS problem on a known routing path,
we presented an optimal algorithm and showed that, for self-

avoiding paths, it runs in time linear in the length of the
path. Furthermore, the algorithm only needs to propagate local
information from the source to the destination and can be
implemented in a distributed fashion. We also considered the
JRCS problem and showed that it was NP-hard to approximate
within a factor of (2/3 + ε). In addition, we presented a heuris-
tic algorithm for the joint problem, the RCS algorithm, and
another heuristic approach for routing based on the bottleneck
capacity. In our experiments, RCS provided better performance
than methods that first computed a routing path and then found a
CS for that path. In addition, the CS that was provided by RCS
for the routing path that it found was nearly always optimal.
This result, coupled with the simplicity and speed of RCS,
suggests using it in practice.
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