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Abstract—In wireless sensor networks with energy harvesting
nodes, we study the problem of energy allocation and storage
control for distributed estimation with sensor collaboration,
where collaboration refers to the act of sharing measurements
with neighboring sensors prior to transmission to a fusion center.
To jointly design energy allocation and storage control polices,
we formulate a nonconvex optimization problem in which the
estimation distortion is minimized subject to energy harvesting
and storage constraints. We show that the resulting optimization
problem contains two special types of nonconvexities: cardinality
function and difference of convex functions. By exploiting the
problem structure, locally optimal solutions are found via an �1
relaxation and a convex-concave procedure. Numerical experi-
ments are provided to show the effectiveness of our approach.

Index Terms—Distributed estimation, sensor collaboration,
energy harvesting and storage, convex optimization, sparsity.

I. INTRODUCTION

Design of optimal energy allocation schemes for distributed

estimation has been widely studied in the literature based on

different types of parameters to be estimated (static parameter

or random process), communication channels (coherent or or-

thogonal) and cost functions (energy or estimation distortion)

[1]–[3]. However, most of the existing literature has focused

on the amplify-and-forward transmission model, in which no

inter-sensor collaboration is involved.

Recently, the problem of distributed estimation with sensor

collaboration has attracted significant attention [4]–[6]. In

[4], the optimal energy allocation strategy was found for a

fully-connected network, where all the sensors are allowed

to collaborate, namely, share their measurements with other

sensors. It was shown that sensor collaboration results in

significant improvement of estimation performance compared

to the conventional amplify-and-forward transmission scheme.

In [5], the optimal collaboration strategy was found under

an arbitrary network topology. It was observed that even

a partially connected network can yield performance close

to that of a fully connected network. In [6], the nonzero

collaboration cost was taken into account, and a sparsity

induced optimization framework was proposed to simultane-

ously design both the collaboration topology and the energy

allocation scheme.

In the aforementioned literature [4]–[6], collaborative es-

timation was restricted to parameter estimation during one

snapshot, and sensors were assumed to be equipped with con-

ventional power-limited batteries. There have been significant

advances in the design of energy-harvesting sensors. Thus,

it becomes quite attractive to study collaborative estimation

problems in sensor networks with energy harvesting nodes,

where at each time step sensors can replenish energy from

the environment (such as solar and wind) without the need of

battery replacement.

Several research efforts have been devoted to the design

of optimal energy allocation schemes in energy harvesting

networks for distributed estimation without inter-sensor col-

laboration [7]–[9]. In [7], a single sensor equipped with an

energy harvester was used for parameter estimation, where the

optimal energy allocation strategy was designed based on both

causal and non-causal side information of energy harvesting.

In [8], the design of energy allocation was studied over an

orthogonal multiple access channel (MAC), where the estima-

tion distortion resulting from the best linear unbiased estimator

was minimized subject to energy harvesting constraints. In

[9], a stochastic control problem was formulated for power

allocation over a finite or an infinite time horizon.

Different from [4]–[9], here we present a unified optimiza-

tion framework for the joint design of optimal energy alloca-

tion and storage control polices while incorporating the cost of

sensor collaboration over a finite time horizon. We show that

the resulting optimization problem is nonconvex. However, by

identifying the special types of nonconvexities, the methods

of convex relaxation and convex-concave procedure can be

effectively used to find locally optimal solutions. Extensive

numerical results are provided to demonstrate the utility of

our approach for energy allocation and storage control in

collaborative estimation.

II. PROBLEM FORMULATION

In this paper, the task of the sensor network is to estimate

a time-varying parameter θt ∈ R over a time horizon of

length T . We consider a collaborative estimation system where

sensors are able to collaborate, namely, share observations

with other neighboring sensors. The obtained collaborative

messages are transmitted through a coherent MAC to the

fusion center (FC), which produces a global estimate of θt
for t = 1, 2, . . . , T . In the network, each sensor is equipped

with an energy harvesting device and a finite-capacity energy

storage device, where the former harvests the renewable en-

ergy from the environment, and the latter governs the storage

charging/discharging actions across time for sensor collabora-

tion and data transmission. An overview of the collaborative
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estimation system with energy harvesting and storage is shown

in Fig. 1.

Linear 
sensing

Sensor
collaboration

FC 

Energy
harvesting

Energy 
storage

Energy consumption

>0, charge 

<0, discharge 

Transmission via 
coherent MAC

Fig. 1: Collaborative estimation with energy harvesting and storage. θt
and θ̂t denote the parameter and its estimate at time t, respectively. xt, zt
and yt denote the sensor measurements, collaborative signals and transmitted
signal, respectively. En,t and sn,t are the harvested energy (known in
advance) and stored energy (to be designed) of the nth sensor at time t.

The vector of measurements from N sensors at time t is

xt = htθt + εt, t ∈ [T ], (1)

where [T ] denotes the integer set {1, 2, . . . , T}, xt =
[xt,1, . . . , xt,N ]T is the vector of measurements, ht =
[ht,1, . . . , ht,N ]T is the vector of observation gains, θt is the

parameter of interest which has zero mean and variance σ2
θ ,

εt = [εt,1, . . . , εt,N ]T is the noise vector with i.i.d. Gaussian

variables εt,i ∼ N (0, σ2
ε ) for t ∈ [T ] and i ∈ [N ].

After linear sensing, each sensor may pass its observation

to another sensor for collaboration prior to transmission to the

FC. With a relabelling of the sensors, we assume that the first

M sensors (out of a total of N sensor nodes) communicate

with the FC. The process of sensor collaboration at time t is

zt = Wtxt, t ∈ [T ] (2)

where zt = [zt,1, zt,2, . . . , zt,M ]T is the vector of collaborative

signals, and Wt ∈ R
M×N is the collaboration matrix that

contains collaboration weights (based on the energy allocated)

used to combine sensor measurements.
After sensor collaboration, the message zt is transmitted

through a coherent MAC so that the received signal yt at the

FC is a coherent sum [2]

yt = gTt zt + ςt, t ∈ [T ], (3)

where gt = [gt,1,, gt,2, . . . , gt,M ]T is the vector of channel

gains, and ςt is temporally white Gaussian noise with zero

mean and variance σ2
ς .

A. Best linear unbiased estimator (BLUE) at the FC
We assume that the FC knows the observation gains, channel

gains, and variances of the parameters of interest and additive

noises. We employ the best linear unbiased estimator (BLUE)

[10, Theorem 6.1] to estimate the parameters θt for t ∈ [T ].
The use of BLUE is spurred by the lack of prior knowledge

about the temporal correlation of time-varying parameters {θt}
[11]. As demonstrated in Appendix A, the estimation error

resulting from BLUE is given by a sum of rational functions

with respect to collaboration matrices

f(W1, . . . ,WT ) =

T∑
t=1

σ2
ς + σ2

ε tr
(
WT

t gtg
T
t Wt

)
tr
(
WT

t gtg
T
t WththTt

) . (4)

B. Collaboration and transmission costs

It is clear from (2) that the sparsity structure of Wt

characterizes the collaboration topology at time t. For instance,

[Wt]mn = 0 indicates the absence of a collaboration link

from the nth sensor to the mth sensor, where [Wt]mn is the

(m,n)th entry of Wt. To account for an active collaboration

link, we use the cardinality function

card([Wt]mn) =

{
0 [Wt]mn = 0
1 [Wt]mn �= 0.

(5)

The collaboration cost of each sensor is then given by

Qn(Wt) =

M∑
m=1

Cmncard([Wt]mn), n ∈ [N ], t ∈ [T ], (6)

where we assume that sharing of an observation is realized

through a reliable (noiseless) communication link that con-

sumes a known power Cmn. Note that Cmm = 0 since each

node can collaborate with itself at no cost.

The transmission cost of the mth sensor at time t refers

to the energy consumption of transmitting the collaborative

message zt,m to the FC. Namely,

Tm(Wt) = Eθt,εt [z
2
t,m]

= tr
[
WT

t emeTmWt(σ
2
θhth

T
t + σ2

ε I)
]
, (7)

for m ∈ [M ] and t ∈ [T ], where em ∈ R
M is a basis vector

with 1 at the mth coordinate and 0s elsewhere. Since only

the first M sensors are used to communicate with the FC, we

define Tn(Wt) := 0 for n > M ,

C. Energy harvesting and storage constraints

We assume that knowledge of the harvested energy is

available in advance (also known as full side information [12]).

Let En,t denote the harvested energy of the nth sensor at

time t, which is used for storage or sensor collaboration and

data transmission. We introduce a variable sn,t to represent

the charging/discharging operation of the storage device at the

nth sensor at time t, with the following sign convention for

sn,t{
sn,t ≥ 0 charging with amount of energy sn,t,
sn,t < 0 discharging with amount of energy −sn,t. (8)

Given the harvested energy En,t and the operating mode

of the storage device, the energy consumption for sensor

collaboration and data transmission satisfies the constraint

Qn(Wt) + Tn(Wt) ≤ En,t − sn,t, n ∈ [N ], t ∈ [T ] (9)

where Qn(Wt) is the collaboration cost in (6), Tn(Wt) is the

transmission cost in (7), and the quantity En,t − sn,t stands

for the amount of energy available at the nth sensor at time t.
The stored energy at each sensor per time satisfies

−
t−1∑
k=0

sn,k ≤ sn,t ≤ En,t, n ∈ [N ], t ∈ [T ], (10)

where sn,0 ≥ 0 is the known amount of initially stored energy

at the nth sensor,
∑t−1
k=0 sn,k is the amount of stored energy at
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time t− 1 which might be discharged from the storage device

at the next time, and En,t is the amount of harvested energy

at time t which can be used to charge the storage device.
There is a capacity limit of the storage device [13], denoted

by Ŝ, so that

t∑
k=0

sn,k ≤ Ŝ, n ∈ [N ], t ∈ [T ]. (11)

To increase the network lifetime, it is also desirable to have

some remaining stored energy, denoted by Š, at the end of

time horizon. This gives the following constraint [14]

T∑
k=0

sn,k ≥ Š, n ∈ [N ]. (12)

D. Sensor collaboration with energy storage management
In order to seek the optimal collaboration schemes {Wt}

and storage control policy {sn,t}, we formulate the optimiza-

tion problem, in which the estimation error (4) is minimized

subject to energy constraints (9) – (12),

minimize f(W1, . . . ,WT )
subject to constraints (9) – (12),

(13)

where the optimization variables are Wt ∈ R
M×N and st =

[s1,t, s2,t, . . . , sN,t]
T for t ∈ [T ]. As will be evident later,

problem (13) is not convex due to its objective function and

the constraint (9) that involves the cardinality function. We

will elaborate on the problem structure in the next section.

III. EQUIVALENT OPTIMIZATION PROBLEM

In this section, we first simplify problem (13) by converting

quadratic matrix functions into quadratic vector functions. We

then show that problem (13) is equivalent to a nonconvex

optimization problem with special types of nonconvexities.
It is clear from (4) and (7) that both the estimation distortion

and the transmission cost contain a quadratic matrix function1.

For simplicity of representation, we transform a quadratic ma-

trix function into a quadratic vector function by concatenating

the entries of a matrix into a column vector.
Specifically, a columnwise vector wt of the collaboration

matrix Wt can be written as wt = [wt,1, wt,2, . . . , wt,L]
T ,

where L =MN , wt,l is the lth entry of wt, wt,l = [Wt]mlnl
,

ml = l − (� l
M � − 1)M , nl = � l

M �, and �x� is the ceiling

function that yields the smallest integer not less than x.
Using the relationship between the Kronecker product and

the vectorization of a matrix2, we can rewrite the matrix

quadratic functions in (4) and (7) as

f(w1, . . . ,wT ) =

T∑
t=1

σ2
ς + σ2

εw
T
t ΩPN,twt

wT
t ΩPD,t

, and (14)

Tn(wt) =

{
wT
t Γm,twt n ∈ [M ],

0 n = m+ 1, . . . , N,
(15)

1A quadratic matrix function is a function g : Rm×n → R of the form
g(X) = tr(XTAX) + 2 tr(BTX) + c, where A ∈ R

m×m, B ∈ R
m×n

and c ∈ R are given coefficients.
2For appropriate matrices A, B, C and D, we obtain tr(ATBCDT ) =

vec(A)T (D ⊗ B)vec(C), where ⊗ denotes the Kronecker product, and
vec(Z) is the columnwise vector of Z.

where with an abuse of notation, we used f and Tn introduced

in (4) and (7) to represent the estimation distortion and

tranmission cost with respect to {wt}, ΩPN,t = IN ⊗ (gtg
T
t ),

ΩPD,t = (hth
T
t ) ⊗ (gtg

T
t ), and Γm,t = (σ2

θhth
T
t + σ2

ε I) ⊗
(emeTm). Clearly, the matrices ΩPN,t, ΩPD,t and Γm,t are

positive semidefinite, and in particular ΩPD,t is of rank one.

Moreover, we express the collaboration cost (6) as

Qn(wt) =

M∑
m=1

cm+(n−1)M card(wt,m+(n−1)M ) (16)

for n ∈ [N ] and t ∈ [T ], where ci denotes the ith entry of

the columnwise vector of the collaboration cost matrix C ∈
R
M×N , whose (m,n)th entry is given by Cmn in (6).

Based on (15) and (16), the energy consumption constraint

(9) can be cast as a quadratic inequality that involves the

cardinality function with respect to wt,

Qn(wt) + Tn(wt) ≤ En,t − sn,t, n ∈ [N ], t ∈ [T ]. (17)

Problem (13) is further written as

minimize f(w1, . . . ,wT )

subject to storage constraints (10) – (12)

energy consumption constraint (17),

(18)

where wt ∈ R
L and st ∈ R

N are optimization variables for

t ∈ [T ], and we recall that L =MN .

It is a nontrivial exercise to solve problem (18) due to its

objective function in terms of minimizing a sum of quadratic

ratios [15]. However, we will show in Proposition 1 that

problem (18) can be transformed to a special nonconvex

optimization problem, where the resulting problem structure

helps us in developing an efficient optimization approach.

Proposition 1: Problem (18) is equivalent to

minimize 1Tu (19a)

subject to storage constraints (10) – (12) (19b)

energy consumption constraint (17) (19c)

σ2
ς + σ2

εw
T
t ΩPN,twt ≤ pt, qt > 0, t ∈ [T ] (19d)

2pt + (q2t + u2t )− (qt + ut)
2 ≤ 0, t ∈ [T ] (19e)

qt −wT
t ΩPD,twt ≤ 0, t ∈ [T ], (19f)

where u ∈ R
T , p ∈ R

T , q ∈ R
T , wt ∈ R

L and st ∈ R
N are

optimization variables for t ∈ [T ], and 1 is the vector of all

ones.

Proof: See Appendix B. �
It is clear from (19) that there exist two sources of noncon-

vexity: a) the cardinality function in the collaboration cost

(16), b) the difference of convex (DC) quadratic functions

(19e) and (19f). In what follows, we will show that the diffi-

culties caused by the cardinality function and the nonconvex

function of DC type can be efficiently handled via certain

convexifications.
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IV. OPTIMIZATION APPROACH

A. �1 relaxation

Problem (19) is combinatorial in nature due to the presence

of the cardinality function (also known as �0 norm). In the

sparsity-promoting optimization context [16], an �0 norm is

commonly relaxed to an �1 norm. Based on that, the collabo-

ration cost (16) is approximated as

Q̃n(wt) := ‖Cnwt‖1, n ∈ [N ], t ∈ [T ], (20)

where Cn=[c1+(n−1)Me1+(n−1)M , . . . , cnMenM ]T ∈RM×L,

and ei ∈ R
L is a basis vector. Accordingly, an �1 proxy for

the energy consumption constraint (17) is given by

Q̃n(wt) + Tn(wt) ≤ En,t − sn,t, n ∈ [N ], t ∈ [T ]. (21)

We remark that the �1 norm given by (20) can be eliminated

by introducing additional optimization variables so that the �1
constraint (21) is cast as a smooth convex constraint together

with a linear inequality constraint [17]

1T rn,t + Tn(wt) ≤ En,t − sn,t, and

−rn,t ≤ Cnwt ≤ rn,t, n ∈ [N ], t ∈ [T ],
(22)

where rn,t ∈ R
M is the newly introduced optimization

variable for n ∈ [N ] and t ∈ [T ], and the linear inequality

is defined in an elementwise fashion.

After �1 approximation, problem (19) becomes

minimize 1Tu

subject to storage constraints (10) – (12)

energy consumption constraints (22)

quadratic constraints (19d)

nonconvex quadratic constraints (19e) – (19f),

(23)

where u ∈ R
T , p ∈ R

T , q ∈ R
T , wt ∈ R

L, st ∈ R
N , and

rn,t ∈ R
M are optimization variables for n ∈ [N ] and t ∈ [T ].

Problem (23) is convex except for the last nonconvex

quadratic constraints (19e) and (19f). However, we will show

that such a nonconvex optimization problem can be efficiently

solved via a convex-concave procedure.

B. Convex-concave procedure

In problem (23), we recall that the nonconvex quadratic

constraints (19e) – (19f) have the DC type,

φ(v)− ψ(v) ≤ 0, (24)

where both φ(·) and ψ(·) are convex functions. In (19e), we

have φ(pt, qt, ut) = 2pt+(q2t +u
2
t ), and ψ(pt, qt, ut) = (qt+

ut)
2. In (19f), φ(qt) = qt, and ψ(wt) = wT

t ΩPD,twt.

We convexify (24) by linearizing the convex function ψ(·)
around a feasible point v̂

φ(v)− ψ̂(v) ≤ 0, (25)

where ψ̂(v) := ψ(v̂)+(v− v̂)T ∂ψ(v̂)∂v , and
∂ψ(v̂)
∂v denotes the

first-order derivative of ψ(·) at the point v̂. We emphasize that

since ψ̂(v) is an affine lower bound on the convex function

ψ(v), the set of v that satisfy (25) is a strict subset of the

set of v that satisfy (24). This implies that a solution of the

optimization problem with the linearized constraint (25) is

locally optimal to the problem with the original nonconvex

constraint of DC type.
We eventually obtain a ‘restricted’ convex version of prob-

lem (23) by linearizing the nonconvex quadratic constraints

(19e) – (19f). We then solve a sequence of convex problems

based on iteratively updated linearization points. The use of

linearization to convexify nonconvex problems with DC type

functions is known as a convex-concave procedure (CCP)

[18], [19]. At each iteration of CCP, we solve the convexified

problem of (23)

minimize 1Tu

subject to storage constraints (10) – (12)

energy consumption constraints (22)

quadratic constraints (19d)

linearized quadratic constraints (19e) – (19f):

2pt + (q2t + u2t ) ≤ ψ̂1(qt, ut), and

qt ≤ ψ̂2(wt), t ∈ [T ],

(26)

where u ∈ R
T , p ∈ R

T , q ∈ R
T , wt ∈ R

L, st ∈ R
N , and

rn,t ∈ R
M are optimization variables for n ∈ [N ] and t ∈ [T ],

ψ1(qt, ut) := 2(ut + qt)(ût + q̂t)− (ût + q̂t)
2, (ût, q̂t) is the

linearization point used in ψ̂1, ψ̂2(wt) = 2wT
t ΩPD,tŵt −

ŵT
t ΩPD,tŵt, and ŵt is the linearization point used in ψ̂2.

We summarize CCP for solving problem (23) in Algorithm 1.

Algorithm 1 CCP for solving problem (23)

Require: εccp > 0 and feasible initial points {ŵt}, q̂ and û
1: for iteration i = 1, 2, . . . do
2: set ({wi

t},qi,ui) as the solution of problem (26)

3: update the linearizing point: ŵt = wi
t, q̂ = qi, û = ui

4: until |1Tui − 1Tui−1| ≤ εccp for i ≥ 2
5: end for

For simplicity, we randomly choose the initial points (drawn

from the standard uniform distribution) that are scaled to

satisfy the constraints of problem (23). It is worth mention-

ing that reference [19] has proposed a penalized version of

CCP which allows the use of infeasible initial points. Our

numerical examples show that Algorithm 1 works effectively

and converges to almost the same optimal value for different

initial points; see Fig. 2. The convergence of Algorithm 1 is

also guaranteed, since at each iteration, we solve a linearized

convex problem with a smaller feasible set which contains the

linearization point (i.e., the solution at the previous iteration)

[19].
The computation cost of Algorithm 1 is dominated by

solving the solution of a convex program with quadratic con-

straints at Step 2, which takes the computational complexity

O(T 3.5L3.5) via the interior-point algorithm [20, Sec. 10],

where recalling that T is the length of time horizon, and

L = NM is the maxinum number of collaboration links.

V. NUMERICAL RESULTS

In this section, we empirically show the effectiveness of the

proposed energy allocation and storage algorithm. To specify
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the system model in Fig. 1, we assume that N = 5 sensors

are deployed in a unit square region, and let T = 10, M = 5,

and σ2
θ = σ2

ε = σ2
ς = 1. The values of observation gains ht

and channel gains gt are drawn from the uniform distribution

U(0.1, 1). The amount of energy harvesting En,t satisfies a

Poisson process [8], namely, prob{En,t = mμ0} = λme−λ

m!
for n ∈ [N ] and t ∈ [T ], where μ0 = 1 is the average energy

harvesting rate, and λ = 5. The initial energy in the storage

device is set by sn,0 = 0 for n ∈ [N ]. The capacity limit and

the desired residual energy in the storage device are given by

Ŝ = 100 and Š = 0.2
∑T

t=1

∑N
n=1

En,t

TN
, respectively. The cost

of establishing a collaboration link is modeled by Cmn =
αc‖am−an‖2 for m,n ∈ [N ], where ai is the location of the

ith sensor, and αc = 1 is the collaboration cost parameter. In

algorithm 1, we select εccp = 10−3.

In Fig. 2, we present the convergence trajectory of Al-

gorithm 1 as a function of iteration index for 5 different

initial points. As we can see, much of the benefit of using

Algorithm 1 is gained from its first few iterations. Moreover,

Algorithm 1 converges to almost the same objective value for

different initial points. That is because the linearization of non-

convex quadratic functions, which have rank-one coefficient

matrices, e.g, ΩPD,t in (26), leads to good proxies of DC

type nonconvex functions.
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Fig. 2: Convergence of Algorithm 1 for 5 different initial points.

In Fig. 3, we show the obtained energy allocation and

storage schemes at the first sensor by solving problem (19).

We observe that the harvested energy is not wasted, namely,

the sum of consumed energy and stored energy is equal to

the amount of the harvested energy. We also note that the

storage device operates in a charging mode when there is a

large amount of harvested energy, or the stored energy is low.

By contrast, the storage device operates in a discharging mode

when the harvested energy is low, or there is a large amount of

stored energy. We finally remark that the energy consumption

for sensor collaboration and data transmission varies in time

due to the time-varying sensor network.
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Fig. 4: Estimation error and collaboration links while varying αc.

In Fig. 4, we present the estimation error and the percentage

of active collaboration links as a function of the collaboration

cost parameter αc for μ0 ∈ {1, 3, 5}. As we can see, by fixing

the energy harvesting rate μ0, both the estimation accuracy and

the number of collaboration links decrease as αc increases.

This is expected, since a larger value of αc corresponds to

a larger cost of sensor collaboration. Moreover, if we fix the

value of αc, both the estimation accuracy and the number of

collaboration links increase when the energy harvesting rate

increases, since more energy would be harvested and can be

used for sensor collaboration.

VI. CONCLUSION

We proposed a tractable optimization framework to design

optimal energy allocation and storage control policies for

distributed estimation with sensor collaboration. We showed

that the problem is nonconvex and combinatorial in nature. By
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exploiting the problem structure, we convexified the problem

by using �1 relaxation and the convex-concave procedure.

The convexified problem rendered a locally optimal solution.

Numerical results were provided to show the effectiveness of

our approach. In future work, it will be worthwhile to study the

problem of sensor collaboration in energy harvesting networks

with causal side information or over an infinite time horizon.
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APPENDIX A

ESTIMATION DISTORTION OF BLUE

According to (1), (2) and (3), the received signals at the FC

over T time steps can be written as the succinct form

y = GwDhθ + υ, (27)

where y = [y1, y2, . . . , yT ]
T , θ = [θ1, θ2, . . . , θT ]

T , υ =
[υ1, υ2, . . . , υT ]

T , υt = gTt Wtεt+ ςt, Dh = blkdiag{ht}Tt=1,

Gw = blkdiag{gTt Wt}Tt=1, and blkdiag{Ai}ni=1 denotes the

block-diagonal matrix with diagonal blocks A1,A2, . . . ,An.

The estimation distortion resulting from BLUE is given by

[10, Theorem 6.1]
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where Dυ = E[υυT ] = σ2
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w + σ2

ς I. �

APPENDIX B

PROOF OF PROPOSITION 1

We introduce a new vector of optimization variables u =
[u1, . . . , uT ]

T , and express problem (18) as

minimize 1Tu

subject to
σ2
ς + σ2

εw
T
t ΩPN,twt

wT
t ΩPD,twt

≤ ut, t ∈ [T ],

constraints of (18),

(28)

where u ∈ R
T , wt ∈ R

L and st ∈ R
N are optimization

variables for t ∈ [T ].
By introducing additional variables pt and qt for t ∈ [T ],

problem (28) can be then rewritten as

minimize 1Tu

subject to
pt
qt

≤ ut, t ∈ [T ],

σ2
ς + σ2

εw
T
t ΩPN,twt ≤ pt, t ∈ [T ],

wT
t ΩPD,twt ≥ qt, qt > 0, t ∈ [T ],

constraints of (18),

(29)

where u ∈ R
T , p = [p1, . . . , pT ]

T ∈ R
T , q = [q1, . . . , qT ]

T ∈
R
T , wt ∈ R

L and st ∈ R
N are optimization variables for

t ∈ [T ]. Note that the ratio (pt/qt) ≤ ut can be reformulated

as a quadratic constraint given qt > 0,

2pt ≤ (qt + ut)
2 − (q2t + u2t ). (30)

Substituting (30) into (29), we eventually reach the optimiza-

tion problem (19). �
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