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Abstract—In this letter, a new sparsity-promoting penalty func-
tion is introduced for sensor selection problems in field reconstruc-
tion, which has the property of avoiding scenarios where the same
sensors are successively selected. Using a reweighted relaxation
of the norm, the sensor selection problem is reformulated as a
convex quadratic program. In order to handle large-scale prob-
lems, we also present two fast algorithms: accelerated proximal
gradient method and alternating direction method of multipliers.
Numerical results are provided to demonstrate the effectiveness of
our approaches.

Index Terms—Alternating direction method of multipliers,
convex relaxation, field reconstruction, proximal gradient method,
reweighted , sensor selection, sparsity.

I. INTRODUCTION

I Nmany field reconstruction problems, multiple sensors ob-
serve the field intensity (e.g., pressure, temperature, or pol-

lution concentration) at their own locations, and transmit their
measurements to a fusion center (FC) that determines the global
estimate of field intensity at an unobserved location and time in-
stant. Due to resource constraints such as communication band-
width and sensor battery life, it is important to select a small
number of sensors for field reconstruction at each time. In this
letter, we aim to schedule sensors over a finite time horizon in
an energy-efficient way.
In [1], the sensor selection problem is interpreted as an

optimization problem of selecting the best subset of sensors in
wireless sensor networks with a given estimation performance.
Recently, a sparsity-promoting technique has been used for
sensor selection [2]–[5], where the desire to reduce the number
of selected sensors is characterized by a sparsity-promoting
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penalty term in the objective function. This provides a tractable
optimization framework to obtain the trade-off between es-
timation performance and the number of selected sensors.
Also, the unconstrained formulation for sensor selection in
the sparsity-promoting framework can be efficiently handled
by several approaches, e.g., alternating direction method of
multipliers (ADMM) in [2]–[4] and the projected subgradient
method in [5].
The current sparsity-promoting techniques [2]–[5] may lead

to scenarios in which a fixed set of sensors, which we here-
after refer to as the most ‘informative sensors’, are successively
selected, e.g., due to their larger mutual information with the
target [6] or stronger correlation with the field point of interest
[7]. This behavior would result in faster energy depletion of the
most informative sensors. From the perspective of network life-
time [8], the death of a sensor (or a percentage of sensors) can
make the network nonfunctional. Therefore, it is desired to have
a balanced use of sensors while discouraging the excessive use
of any group of sensors in the network.
In this letter, we propose a new sparsity-promoting penalty

function, which penalizes successive selection of the same sen-
sors. This framework generates sparse sensor schedules which
achieve a trade-off between activating the most informative sen-
sors and balancing the energy consumption in the network. We
summarize our contributions in this letter as follows.
• A new sparsity-promoting penalty function is introduced
for sensor selection problems to avoid scenarios in which
the same sensors are successively selected.

• We formulate a new sensor selection problem which is
combinatorial in nature. By relaxation, we convert it into a
standard quadratic program (QP).

• We develop two efficient optimization approaches based
on accelerated proximal gradient method (APGM) and
ADMM, to address large-scale sensor selection problems.

II. PROBLEM FORMULATION

A. System Model

We consider a generic system where multiple sensors are de-
ployed in a sensor network to monitor a spatio-temporally cor-
related physical field. Measurements are taken from multiple
sensors at multiple time instants to construct the field value at
an unobserved location over multiple time steps. We use the fol-
lowing notations throughout the letter: is the number of sen-
sors, is the number of measurements taken by each sensor,
is the number of time instants where the field intensity is es-

timated, and let . The field intensity at time and
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location is denoted by . Sensor locations are represented
as for .
The sensor measurements are given by

(1)

for and , where is the vari-
ance of measurement noise, and for notational simplicity,
let and .
We assume that is uncorrelated with .
Let ,

and . Therefore,
the observation model can be written in a compact form as

(2)

We assume that the second order statistics of the physical field is
known in advance.Without loss of generality, let .
Our goal is to reconstruct the field intensity at an un-

observed location over time instants .
Denote the vector of field intensities to be estimated by

. To perform the esti-
mation task, we consider an unbiased linear estimator

(3)

where is an unknown coefficient matrix determined by the
minimum mean square error criterion, and due to the
unbiased condition.
According to (3), the trace of mean square error

can be written as

(4)

where the th row vector of is denoted by ,
, ,

and is the variance of the field intensity. Note that the per-
formance measure is a quadratic function with respect to
rows of . Therefore, we also write as , where

is the row-wise
vector of .
To address the problem of sensor selection in the context of

field estimation, it was shown in [3] that the non-zero columns
of coefficient matrix characterize the selected sensor mea-
surements. Suppose, for example, that only the th sensor re-
ports its th measurement to the FC. In this case, it follows
from (3) that , where is the

th column of . For ease of notation, we denote
the column-wise vector of by ,
where , and

is a vector formed by stacking column vectors of .
Now, the problem of sensor selection can be interpreted as an
optimization problem by promoting the column sparsity of

(5)

where we interchangeably use the notations , , and
to denote the optimization variables, is a positive scalar, and

(6)

which gives the number of nonzero columns of , and is re-
ferred to as the sparsity-promoting penalty function; see more
details in [3, Sec. III]. In (6), is the norm, and
denotes an arbitrary norm ( or 2 typically). Here, we
assume for ease of optimization.
It is clear from (5) that the rows and columns of determine

the estimation distortion and sensor activations, respectively. It
is helpful to derive the relationship between and :

, where ,
and ( ) denotes the basis vector with a
1 in the th coordinate and 0s elsewhere. The value is given
by , where1

and

We emphasize that is invertible since are
linearly independent. Therefore, the estimation performance

can be written as .
According to (5), sparser sensor schedules can be achieved

by making larger. However, it may lead to scenarios in which
a set of informative sensors is always selected. For instance,
sensors closest to the field point of our interest would be suc-
cessively selected due to their larger correlation with the field
intensity to be estimated. As a consequence, these sensors may
have early energy depletion, which reduces the network lifetime
[8]. Therefore, we propose a new sparsity penalty function given
by (7), which characterizes the ‘cost’ of each sensor being re-
peatedly selected:

(7)

where the quantity is the number of
times the th sensor is selected over time steps. The rationale
behind using a quadratic function is its relatively fast growth
as a function of . Consider a system with sensors. It
is clear from (7) that the penalty value of using the first sensor
4 times and the second sensor 0 times ( units) is
greater than the penalty of using each sensor 2 times (
units). This motivates us to pose the following optimization

problem

(8)

where we remark that the parameters and characterize our
relative emphasis on the conventional penalty of sensor activa-
tions and a new penalty term for successively selecting the same
set of sensors.

1 maps a real number to the largest integer smaller than itself.
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III. REWEIGHTED BASED QUADRATIC PROGRAM

Due to the presence of the norm, the proposed sensor se-
lection problem is combinatorial in nature. For tractability, we
relax problem (8) by using the reweighted method [9, Sec.
2.2]. Specifically, we replace the norm with a weighted
norm , where is an appropriately chosen pos-

itive weight at iteration , and for
and . During each iteration, we solve an norm opti-
mization problem

(9)

where we denote its solution by for and
. Based on , the weights with respect to optimization

variables are updated as for the
next iteration, where the parameter is a small number to
ensure that the denominator does not become zero.
Proposition 1 shows that problem (9) can be solved by trans-

formation to a QP.
Proposition 1: The optimal solution (or its matrix form
) to (9) can be obtained by solving the relaxed problem

subject to (10)

where is a vector of introduced auxiliary variables,
and the absolute operator is defined in element-wise fashion.

Proof: Note that problem (10) is equivalent to (9) when
for and . Therefore, the main

idea of the proof is to show that a strict inequality leads to a
contradiction.
For ease of notation, we define

and . According to (4), ,
and the relationship between and , problem (10) can
be written as

subject to (11)

where , denotes the Kronecker product,
, ,

for , and is a
block diagonal matrix formed by .

Further, let , where .

Then, problem (11) can be simplified as

subject to (12)

where , ,
, and

.
We remark that problem (12) is a convex QP. Convexity holds

since and are positive semidefinite. To solve such a QP,

the complexity of using standard solvers such as CVX [10] is
roughly per Newton iteration [11], where is propor-
tional to the dimension of the optimization variable .

IV. FAST ALGORITHMS FOR OPTIMIZATION

To solve (12), instead of using a QP solver, we present two
fast algorithms which yield lower computational complexity.
Note that problem (12) can be expressed in the following form

(13)

where and is defined by an

indicator function .

References [12], [13] show that problems in the form of (13)
(whose objective consists of a differentiable convex function
and a nonsmooth convex function ) can be efficiently solved
by using the accelerated proximal gradient method (APGM) and
the alternating direction method of multipliers (ADMM). The
advantages of APGM and ADMM are that we can split the ob-
jective function into two terms and , which facilitates the
optimization procedure.

A. Accelerated Proximal Gradient Method

We employ the accelerated proximal gradient method [12,
Sec. 4.3] to solve problem (13) and summarize APGM in Al-
gorithm 1. We refer to [12] for more details.

Algorithm 1 APGM-based algorithm for solving (13)

Require: Given , , and .
1: for do
2: Let and .

3: repeat
4: .
5: until if where is given by
(15); else , go to step 3.
6: Let and .
7: until .
8: end for

In Step 4, the proximal operator of with param-
eter is given by

(14)

By recalling the definition of , the proximal operator (14)
precisely defines a Euclidean projection onto the halfspace

. Namely, , where takes
non-positive elements of a vector and sets 0 for its positive
elements. In Step 5, the function is defined by

(15)

where . In (15), can be interpreted
as a quadratic approximation of [14]. Steps 3-5 constitute
a procedure of backtracking line search [15], which is used to
determine an appropriate step size at iteration .
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At each iteration of Algorithm 1, the computation cost is dom-
inated by matrix multiplication, which has complexity
[16]. The total number of iterations required for APGM is ap-
proximated by [12]. In our implementation, it takes
around 100 iterations as .

B. Alternating Direction Method of Multipliers

Another efficient optimization method for solving problem
(13) is ADMM, which is summarized in Algorithm 2. We refer
to [13, Sec. 3] for more details.

Algorithm 2 ADMM-based algorithm for solving (13)

Require: Given , , , and .
1: for do
2: , .

3: , .

4: ,
5: until .
6: end for

In Step 2, by recalling the definition of in (13), it is not
difficult to obtain , where we re-
mark that the matrix inversion is independent of
iteration index and, therefore, we can compute this matrix in-
version before employing ADMM. Further, similar to (14), the
minimizer in Step 3 is given by . This implies that
ADMM also requires the computation of the proximal operator
of a nonsmooth function . Note that ADMM yields similar
computational complexity per iteration as APGM (by getting rid
of the line search step). Typically, ADMM takes a few tens of it-
erations to converge with modest accuracy [2]–[4], [13]. In our
implementation, it takes around 100 iterations as .

V. NUMERICAL RESULTS

In this section, numerical examples consider the task of esti-
mating the field intensities with ,
for ( ). Each of sensors takes

measurements. Specifically, the sampling time for sensor
measurements is given by for .
The correlation model is given by

, where , ,
and . For APGM and ADMM, we choose ,

, , and .
For results presented in Table I, we employ a reweighted

based APGM to solve problem (8) and obtain different sensor
selection schemes by varying the sparsity-promoting parame-
ters and . As we can see in rows 1, 4 and 7, only the 1st and
4th sensors are selected as , since a larger places more
emphasis on minimizing the conventional sparsity-promoting
function, which encourages fewer but more informative sensors
to be selected (the 1st and 4th sensors have the strongest corre-
lation with the field point of our interest). As increases (for
a fixed ), we observe that sensors are selected as uniformly
as possible. This is to be expected, since the new sparsity-pro-
moting penalty enforces sensor energy to be consumed in a bal-
anced way. Moreover, for a fixed value of or (see examples

TABLE I
SENSOR SELECTION SCHEMES. THE COLUMN GIVES THE TOTAL

NUMBER OF SELECTED SENSORS, I.E., . SENSOR
LOCATIONS: , , , ,

Fig. 1. Computation time against problem size.

of and , or and
), the total number of selected

sensors decreases as or increase, respectively.
In Fig. 1, we show the computation time as a function of the

problem size ( ) for different optimization methods:
a QP solver in CVX, APGM, and ADMM. We first remark that
in our extensive simulations, the three algorithms yielded sim-
ilar objective function values; see similar results in [12, Sec. 7].
Thus, we compare their computation efficiency.We observe that
APGM and ADMM perform much faster than solving a QP
by CVX. Furthermore, ADMM requires less computation time
than APGM. This is because at each iteration of APGM, line
search consumes more time.

VI. CONCLUSION

In this letter, a new sparsity-promoting penalty function was
proposed to penalize successive selections (i.e., overuse) of any
group of sensors. We relaxed the problem using reweighted
minimization and converted the resulting problem to a QP.

We also introduced two algorithms that scale more gracefully
in problem size compared to QP. Numerical results show that
the proposed framework ensures a sparse sensor schedule that
strikes a balance between activating the most informative sen-
sors and uniformly allocating sensor energy over the entire net-
work. In the future, it would be worthwhile to seek guidelines
for choosing the sparsity-promoting parameters for a desired
sparsity level. Also, we will explore the relationship between
the sparsity of sensor schedules and network lifetime in our
framework.
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